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Abstract
Heterogeneous materials provide a unique combination of desirable mechanical,
thermal or electrical properties. This dissertation presents several micro-structure
modeling approaches to predict the effective properties of heterogeneous materials
and demonstrates its certain application toward two highly heterogeneous, unconventional structural composite materials (carbon fiber reinforced composite materials and graphene nanoplatelets composite). By using the efficient computational
algorithm based on the FEA, a randomly oriented disk-shaped particles system are
generated. A new element partition scheme based on the vector operations and
geometry of inclusion has been implemented to mesh the intersected disks. The
computed equivalent conductivity is expressed as a power-law function form with
the key parameters determined from curve fitting. Also, we proposed a novel random
walk method to study the 2-D circular or elliptical and 3-D spherical or ellipsoidal
non-overlapping system diffusion process. A Monte-Carlo scheme is applied to generate the particulate system for simulation. The effective diffusion coefficient has
been predicted and compared to the finite element method and effective medium
theory. The aspect ratio effect also investigated and compared to other numerical
studies.
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Chapter 1

Introduction
1.1

Introduction of Heterogeneous Materials

Heterogeneous materials have been tremendous developments in science and
technology in the last three decades. It can be defined as materials that contain
non-uniform parts and composed of diverse parts occupy the same component. Heterogeneous materials can be found in nature as well as artificially synthesized. Most
common examples are metal alloy systems, polymer blends, porous and cracked media, polycrystalline materials and composites [85]. Since the high demand of new
heterogeneous materials, design, and development of novel heterogeneous materials
require a proper understanding of the influence of micro-structure on the desired
performance feature. Accurate prediction of the effective properties of highly heterogeneous materials with multiple micro-structural phases is a challenging task. It
is necessary to classify and characterize the constituent phases regarding their volume fractions, size of different phase, distributions of the inclusions, and intrinsic
properties, combined with analytical or numerical models capable of handling more
than just the volume fractions of the phases. To accurately predict the effective
properties of highly heterogeneous materials with multiple micro-structural phases,

1

Figure 1.1: Different type of CFRP models

both analytical solution (Effective Medium Theory) and numerical methods (Finite
Element Analysis or Random Walk Simulation) used to study the materials.

1.1.1

Carbon-Fiber Reinforcement Polymer (CFRP)

Carbon fiber reinforced composite (CFRP) is a lightweight, strong materials
used in the manufacturing of numerous products and has been widely applied to
the area of aerospace [74], civil [81] and automotive engineering [62]. In general,
CFRP is made of thermosetting resins such as epoxy, polyester, or vinyl ester as a
matrix and carbon fibers, aluminum, or glass fibers as fibers in the composite. The
major advantages of CFRP over traditional materials like wood, plastics, steel are
the properties of high stiffness and strength [87]. Furthermore, the CFRP usually
have low coefficient of thermal expansion and high thermal or electrical conductivity
[10, 11, 12, 65, 80]. In the composite, the fibers can be in various forms. The
commonly used fiber forms include unidirectional tow, chopped strand mat, and
braid as well as chopped fiber in a sheet and bulk molding compounds. Figure 1.1
shows the different type of CFRP that usually use in the computational modeling.
Depending on the manufacturing and application process used, the performance of
one fiber performance may be different from the others.

2

1.1.2

Graphene-based Nano-platelets Composite (GNP)

In spite of a short history, graphene became a rapidly rising superstar on the
horizon of materials science. The purely two-dimensional material shows unconventionally high crystal and electronic quality. Usually, 10-100 layers of graphene
consist of graphene sheets, also called graphene nano-platelets (GNP), shown in
Fig. 1.2 (a) through (c). Because of its unique size and morphology, GNP can
be combined with other polymer materials (plastic, nylon, or rubbers) to enhance
mechanical properties, thermal or electrical conductivity due to their pure graphite
composition [59, 96]. Since graphene has excellent electrical conductivity and high
mechanical strength, composite fibers consisting of graphene take advantage of the
high strength and also have the ability to conduct electricity. Material conductivity is significantly improved because graphene has a 2D lattice of sp2 bond carbon
and extremely high aspect ratio. Furthermore, graphene layers are dispersed into
polymers that produce multiple conductive pathways in the composites that also
improve the conductivities. Combined with the high-density polymer, GNP can
greatly enhance the mechanical and thermal properties of composites.
Prior research of GNP were mostly experiments. While the experiments provided first-hand information about the various import factors, the limitation of experiments is that they cannot provide a uniform conclusion for the similar structure
type, and the complexity can go far beyond the reach of present analytic methods
[46]. Due to this reason, many computational simulations as “virtual” experiments
appeared. In the computational model, the GNP usually is treated as 3-D disklike particles that randomly distributed in the matrix, shown in Fig. 1.2(d) [46].
In this model, each GNP is a conducting disk with a random orientation. Then
the percolation theory was applied to explain the electrical conductive behavior of
composites. Near the percolation threshold, the electric conductivity of composites

3

Figure 1.2: SEM of (a) GNP particle, (b) and (c) random distribution of GNPs
within the epoxy matrix; (c) 3D schematic model of GNP conductive network.

follows a power-law relationship:

σ = σ0 (φf − φ0 )n

(1.1)

where σ is the electrical conductivity of composite, σ0 is the electrical conductivity
of the filler, φf is the filler volume fraction, φ0 is the percolation threshold, and n
is a conductivity exponent. In Eq. 1.1 n is not a constant value because Eq. 1.1
does not take into account any of particle shape, orientation, polymer − particle
interaction or particle dispersion. However, n and φ0 can be determined by curve fitting of experiment results. The percolation threshold and the related conductivities
problems will be discussed in the next chapter.
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1.2

Introduction of Percolation and Diffusion in Heterogeneous Materials

1.2.1

Percolation Theory

Percolation is one of the simplest natural phenomena in probability theory which
describes the behavior of connected cluster in a random graph. Since percolation
phenomenon has compelling applications to diverse physical problems, percolation
in the disorder media has drawn the attention of many studies [17, 18, 40, 42, 71, 77,
97]. The general concept of the percolation problem is about the connection of the
different shapes of objects (spheres, ellipsoids, sticks, sties, bonds, etc.) randomly
distributed in the system. Suppose the objects have a defined connectivity radius
λ0 and the distance between two objects is less than λ0 , then the objects are defined
connected. The number of objects forming a cluster of connection and how the
clusters become infinite are interested in percolation theory. If the density of the
objects, n0 , (average number per unit volume), the dimensionless filling factor can be
defined as Eq 1.2. In Eq. 1.2, η = η0 so-called percolation threshold corresponds to
the minimum concentration at which an infinite cluster spans the space. Figure 1.3
shows an example of the percolation phenomenon in the circular system, where the
red circles are the connected cluster in the system. The percolation threshold is a
very important control parameter to guide the manufacturing of the heterogeneous
materials. If the filler concentration is lower than the percolation threshold there is
no certain spanning cluster connecting one side to the opposite side of the system.
On the contrary, if the filler concentration higher than the percolation threshold,
there is always exist a long range spanning cluster. Figure 1.4 shows an example
of the percolation threshold and percolation region.

η = n0 λd0

5

(1.2)

Figure 1.3: Continuum percolation with disks in 2D random system

The practical application of percolation models includes statistical topography,
turbulent diffusion, and transport problems in heterogeneous media [66]. Other
applications such as predicting the electrical resistance in a mixture of two media
with a conducting materials and insulator [20, 56, 73, 72]. The percolation model
not only can determine some the critical phenomena in the conduction but also can
be used as an idealized model for predicting the diffusion process inside the porous
media [5, 29, 44, 68]. Since the experimental observation of percolation phenomenon
has been restricted, the behavior of classical random heterogeneous system near the
percolation threshold is investigated by numerical method.
The continuum percolation theory is a branch of percolation theory which center of the 2-D disk point with random radius r is processed. More specifically, the
underlying points of continuum percolation are randomly positioned in some continuous space and form a type of point process. For each point, the shapes can be
random, and the shapes overlap each other to form a clusters or components. In
6

Figure 1.4: Percolation threshold and percolation region in circular filler system

continuum percolation, a common research interest focuses on the conditions of occurrence for infinite or numerous components [51, 4, 53, 55]. Continuum percolation
has been widely studied because it can provide a more accurate model for disordered
materials especially for the porous media, composite material, and colloids system.
In the current research, the shapes of fillers in the composite include disks and
squares in 2-D and the rods and spheres in 3-D [55, 2, 3, 23, 99]. For the distribution of rod-like filler, one of the obvious examples is carbon nanotube reinforced
composite. Balberg and BinenBaum used a Monte Carlo method to predict the
continuum percolation in both 2-D and 3-D systems of conducting sticks[2, 3]. This
study extended the previous study using an anisotropic sample of rods that randomly oriented in sticks system. The study showed that the percolation threshold
of randomly oriented 2-D or 3-D sticks depends on the aspect ratio. The system
anisotropy properties are determined by the stick excluded volume fraction. The
numerical value of the total excluded volume is found to be the significantly lower
than the invariant excluded volume of spheres and some other parallel-aligned objects. This indicated that orientation randomness has a much stronger effect on the
onset of percolation in three dimensions than it has in two dimensions. Similar to
7

Figure 1.5: A schematic showing the random fibers in the three dimensional space

the 2-D case an isotropic percolation threshold is found for the uniaxially anisotropic
3-D systems. Zhang and Yi presented a Finite element method (FEM) obtained the
same results as Balberg and Binenbaum [99]. Figure 1.5 shows the Monte-Carlo
model of the 3-D random model.
Although there are a lot of people contribute to theoretical modeling of percolation theory in the different shapes particulate system, there are no analytical
approximations for the problem of circular or ellipses inclusion in the 3-D system.
Yi provided a novel analytical and numerical approach to determine the percolative
properties of permeable ellipsoids. In this study, an analytical percolation approach
can identify the percolation point in materials containing ellipses and ellipsoids of
uniform shape and size; meanwhile, the method explored the dependence of percolation on particle aspect ratio [91, 94, 92]. Figure 1.6 shows a Monte-Carlo method
of ellipsoids in the 3-d system.
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Figure 1.6: A schematic showing the random ellipsoids in the three dimensional
space

1.2.2

Heat and Electrical Conduction

Heat conduction is the diffusive transport of thermal energy. In the liquids or
gases phase, it is caused by the interaction of moving atoms and molecules. In the
solid phases, it is caused due to the lattice oscillations.

H = −k

dT
dx

(1.3)

where H is the heat flux and T is the temperature, k is the material thermal conductivity. Similarly, the current and voltage equation is also a linear Fourier equation,
Eq. 1.4.
E=σ

dV
dx

(1.4)

where E is the current flux, σ is conductivity, V is voltage, ∆x is the spatial coordinate in the direction of current flow. The nature of the governing equation
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makes it possible to investigate the electrical or heat conduction numerically. Since
there is an analogy between heat flow by conduction (Fourier’s law) and the flow of
the electric current (Ohm’s law), in the computational modeling, we only concern
the normalized effective properties. The computed effective conductivities can be
further used as heat conduction or electrical conduction by changing the certain
parameters.

1.2.3

Diffusion in Heterogeneous Materials

Diffusion phenomena in heterogeneous solid media have been widely investigated
in many scientific and technological fields such as astrophysics [98], geology [16, 30,
43, 24] and biomedical images [63, 22]. Understanding diffusion in disordered media
is very important to many physical problems. For example, when water diffuse in
carbon fiber reinforced composite materials, the water molecules degrade the matrix
reinforcement interface or inter-phase and lower the stiffness of the composite [15,
25, 60, 34, 35]. Another example is waste containment such as inorganic chemicals
diffusing in saturated soil [69]. Therefore, during the manufacturing of composite
materials, the diffusion coefficient or diffusivity, D is one of the important criteria.
The diffusion coefficient is encountered in Fick’s first and second laws, similar to
thermal or electrical conduction; it can be written in Eq. 1.5 and Eq. 1.6
dφ
dx

(1.5)

∂2φ
∂φ
=D 2
∂t
∂x

(1.6)

J = −D

where J is the diffusion flux, D is the diffusion coefficient, φ is the concentration of
the solute in the liquid phase, x is the direction of transport position, and t is the
diffusion time. The diffusion coefficients can be also determined on particular fea-
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Figure 1.7: A schematic showing the random ellipsoids in the three dimensional
space

tures undergoing the Brownian Motion in a quiescent fluid at a uniform temperature
by the Einstein-Stokes expressions:

D=

κB T
6πηr

(1.7)

where κB is Boltzmann’s constant, T is the absolute temperature, η is the dynamic
viscosity, and r is the radius of the spherical particle.
For the solute diffuse in the solid media, the diffusion processing is slower than
diffuse in gas or liquid because the pathways for migration are more tortuous in the
solid phase. Also, diffusive mass fluxes are less in solid than in gas or liquid because
solid particles in the media occupy some of the cross-sectional areas. Figure 1.7
illustrated the schematic of water diffuse in different tortuous solid media, which
shows that the size of the particles highly affects the diffusion process.
Since the tortuosity factor is usually difficult to measure, it is convenient to
define an effective diffusion coefficient De , which is often represented as a weighted
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average of the grain boundary diffusion coefficient as follows:

De = D0 τ

(1.8)

when Eq. 1.8 is substituted into Fick’s first law, Eq. 1.5 for diffusion in disorder
media becomes
0

∂c
J = −De
∂x

(1.9)

0

where c is defined the solute concentration in terms of the total volume of concen0

tration c = θc and rewritten the Eq. 1.9 in terms of this modified concentration as
follows:
J = −D0 τ θ

∂c
∂x

(1.10)

The effective diffusion coefficient can be evaluated with different analytical and numerical models such as effective medium theory, finite element analysis, and random
walk theory. All those three methods will be introduced in the next section.

1.3

Review of Effective Medium Theory (EMT)

The analytical solutions to predict the mechanical properties, mass or heat transport of heterogeneous materials is one of the efficient ways. One of the most popular
models is an effective medium theory (EMT). The main concept of this method is
averaging the multiple values of the constituents that directly make up the composite materials. Since the precise calculation of multiple constituent values is nearly
impossible in the composite material, the EMT’s provide acceptable approximations
which in turn describes useful parameters and properties of the composite materials
in a macroscopic view. In the EMT, the properties and volume fractions of the
components can describe the effective properties of the entire model.
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Figure 1.8: (a) Maxwell approximation model; (b) maxwell approximation in different size inclusions

1.3.1

Maxwell Approximation

The earliest studies on the heterogeneous materials were proposed by Maxwell
[47, 50]. The Maxwell approximation assumes one of the components as a host
which is embedded in a single spherical or ellipsoidal inclusion. Figure 1.8 shows
the schematic of Maxwell approximation. The diffusion coefficient of matrix and
inclusion are Dm and Df , representatively. Suppose the effective diffusion coefficient
of the model is, De , following the original derivation of Maxwell equation, we imagine
that the particle concentration c has an average gradient g along some axis. The
inclusion’s volume fraction:
φ = r03 r13

(1.11)

The effective diffusion De can be determined from the following steady-state equation:
∆cr,θ = 0
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(1.12)

in the coordinates r and θ, where θ is an angle between radius r and the external
gradient g. The appropriate solution of Eq. 1.12 can be calculated as follows:

c1 (r, θ) = Ar cos(θ), (0 ≤ r ≤ r0 )

(1.13)

c2 (r, θ) = Br + Er2 cos(θ), (r0 ≤ r ≤ r1 )

(1.14)

ce (r, θ) = −gr cos(theta), (r1 ≤ r)

(1.15)

where ci (r, θ) is a local particle concentration in inclusions (i = 1) or in a host material (i = 2). The unknown constant A, B, E and g from the boundary conditions
for the particle concentrations and fluxes in Eq. 1.13 and Eq. 1.15 can be calculated
as follows:
c1 (r0 , θ) = c2 (r0 , θ)

(1.16)

Df ∂c1 (r, θ)∂r|r=r0 = Dm ∂c2 (r, θ)∂r|r=r0

(1.17)

c2 (r1 , θ) = ce (r1 , θ)

(1.18)

Dm ∂c2 (r, θ)∂r|r=r1 = De ∂ce (r, θ)∂r|r=r1

(1.19)

From Eqs. 1.12 and 1.19, we can obtain:

r03 A − r03 B − E = 0

(1.20)

Df r03 A − Dmr03 B + 2D2 E = 0

(1.21)

r13 B + E + r13 g = 0

(1.22)

Dm r13 B − Der13 g + 2D2 E = 0

(1.23)
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According to the the above equations, the results are calculated as follows:

De = Dm + 3(Df + Dm )φDf + 2Dm − (Df − Dm )φ

(1.24)

In general, for an arbitrary space dimension (d = 1, 2and3) in stead of Eq 1.24, the
equation can be written as:

De = Dm + d(Df − Dm )φDf + (d − 1)Dm − (Df − Dm )φ

(1.25)

Equation 1.25 not only can apply to the uniform size spherical inclusions but also a
random inclusion distribution of different radius depending on the Eq. 1.11:

φ = (r0i )d (r1i )d

(1.26)

where d is space dimension. Combining the Eq. 1.26 and Eq. 1.25, the general
Maxwell equation can be rewrite as follows:

De = Dm [1 +

d(Df − Dm )φ
]
Df + (d − 1)Dm − (Df − Dm )φ

(1.27)

However, the Maxwell approximation yields inaccurate results considering the
following scenarios [37]:
1. Inclusions in the system are totally impenetrable:

∂c2 (r, θ)δr|r=r0 = 0

(1.28)

2. Particle velocities in the matrix and inclusion are different.

c1 (r0 , θ) = kc2 (r0 , θ)
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(1.29)

In order to improve the Maxwell approximation, Kalnin et al. [37] provided a reasonable approximation that agrees well with the Monte Carlo simulation in both
two- and three-dimensions. In the method, they introduced two measurable coefficients, λ1 and λ2 that connect the concentrations of the different phases to rewrite
the Maxwell equation:
c1
c2

(1.30)

1
1 − φ + λ1 φ

(1.31)

λ1 =
λ2 =
De = Dm λ2 [1 +

d(Df λ1 − Dm )φ
]
λ1 Df + (d − 1)Dm − (λ1 Df − Dm )φ

(1.32)

where c1 and c2 represent the concentration of inclusion and matrix, respectively.
In case of impermeable inclusions (i.e. in the process of the complete reflection of
particles at the inclusion-matrix interface, or c1 /c2 → 0, Eq. 1.32 can be simplified
in both as:
De =

Dm (d − 1)
d−1+φ

(1.33)

The above methods are compared to our numerical result in the next chapter,
and we will discuss the similarity and difference later on.

1.3.2

Self-Consistent Filed Theory (SCFT)

Self-Consistent Model is another well defined approximation to study the heterogeneous materials behavior which considers the components interaction by dividing the original component into an enormous of small individual components
[48, 52, 26]. The effective properties of the model are approximated by the average
of all the single individual effect. The explicit formula of the self-consistent theory
for the disorder media effective conductivity can be shown as follows:
N
X
i=0

φ

σi − σe
=0
σi + (d − 1)σe
16

(1.34)

p
α + 4(d − 1)σf σm
σe = α +
2(d − 1)

(1.35)

α = σm (dφm − 1) + σf (dφf − 1)

(1.36)

For the isolate inclusions, the effective conductivity is:

σe =

d(d − 1) − (d + 1)φ
σm
d(d − 1) − 2φ

(1.37)

where σm , σf , and σe are the conductivity of matrix, conductivity of fiber and
effective conductivity, respectively. d is the dimension of the system, φf and φm are
the volume fraction of inclusion and matrix. The effective diffusion coefficient can
be obtained with a similar equation as Eq. 1.37:

De =

1.3.3

d(d − 1) − (d + 1)φ
Dm
d(d − 1) − 2φ

(1.38)

Differential Effective Medium (DEM)

The differential effective medium theory was originally proposed by Bruggeman
[8]. DEM is one of the best methods to predict the composite inclusion problem
because the inclusions are always discontinuous and the matrix is always continuous
in this assumption. Therefore, it does not need to consider the percolation properties
to match the experimental system comparing to other EMT’s. The standard DEM
is a two-phase, since each inclusion can be a different phase through having different
mechanical or electrical properties. The implicit formula for this approach are shown
in the following equation:

(

σf − σe σm 1/d
)(
) = 1 − φf
σf − σm σe
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(1.39)

For measurement of effective diffusion coefficient:

(

1.4

Df − De Dm 1/d
)(
) = 1 − φf
Df − Dm De

(1.40)

Review of Monte Carlo Simulation

The first method used to solve the stochastic heat or mass equation is the Monte
Carlo method. This method relies on a repeated random sampling of results and
substituting them into Eq. 1.6 or Eq. 1.6. Once each random sampling of value is
substituted, the stochastic heat equation can be determined by the total value of
the each sample. Hence for each sample, the heat or mass equation is solved, and
the temperature is evaluated at a specific point (x0 , t0 ). Once a large number of
values are sampled and the resulting values for T (x0 , t0 ) or D(x0 , t0 ) are calculated,
a histogram of the T (x0 , t0 ) or D(x0 , t0 ) is created. As the number of samples
increases, the histogram of T (x0 , t0 ) or D(x0 , t0 ) approaches the probability density
function of T (x0 , t0 ) or D(x0 , t0 ). Then the mean and standard deviation of T (x0 , t0 )
or D(x0 , t0 ) are calculated to characterize the distribution [58].
The Monte Carlo method is used throughout uncertainty quantification as a
standard to compare other methods against. Since Monte Carlo method simply
involves random variables and use the numerical method to solve PED, the errors
due to spatial and temporal discretization can be negligible. Therefore, the Monte
Carlo method provides a reliable solution. To obtain a more reliable result, it
requires a nearly infinite number of sample values. A large number of samples is
very time-consuming because it needs to solve a large number of partial differential
equations. Hence, less computationally expensive methods are desirable during the
modeling.
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1.5
1.5.1

Review of Finite Element Analysis (FEA)
Fundamental of FEA

The finite element analysis (FEA) is frequently used to solve the mass and heat
transfer problems, and it applies to complex geometries and composite structures
with various boundary conditions. The FEA is a numerical mathematics by simplifying the initial problem to solve a system of linear equations. In summary, FEA is a
numerical procedure that can be used to obtain solutions of many engineering problems involving stress analysis, heat transfer, fluid dynamics, composite materials,
etc.
The finite-element method not only can be used to solve steady-state file problems but also can solve time-dependent transient temperature distribution problem.
It is with the first of these two types of problem that we shall be concerned in the
entire study in this thesis.
The aim of the following paragraphs is to gain a partial differential equation
(PDE) by the solution of which we shall obtain the internal temperature [79]. Let
us imagine that the problem that we wish to solve is one involving a two-dimensional
steady-state temperature distribution: that is, there is one dimension, z, along which
temperature does not vary. Suppose that the temperature distribution is given on
the boundary Γ of a certain region, Ω, and we know that rate at which heat is
being supplied at all positions in Ω. Our task is to find the temperature distribution
throughout Ω. (Other types of boundary conduction may be specified, for example,
the rate at which heat is flowing into or out of the region across part of the boundary
may be fixed). Then if {ϕ} is the vector of nodal temperatures and Q is a function
defining the heat input, then we seek a matrix expression such that

[K]{φ} = {f }
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(1.41)

Figure 1.9: Heat flow through a small rectangular block

which gives a system of simultaneous equations that may be solved to find {φ}. By
analogy the with nomenclature first used in stress analysis, the matrix [K] is called
the stiffness matrix. Then column matrix {f } depends on Q and may incorporate
certain of the boundary conditions. In order to solve the steady-state heat flow
problem, we must have some underlying equation that, together with the boundary
condition, must be satisfied by the solution. For the conduction of heat in one
dimension,
q = −k

dT
dx

where q is the rate of heat flow across a plane normal to the x-axis,

(1.42)
dT
dx

is the

temperature gradient, and k is the thermal conductivity. If the material is isotropic,
similar equation with the same constant k applies for heat flow in the y and z
directions. Consider the small rectangular block shown in Fig. 1.9. Under steadystate conditions, the heat flowing out across the faces of the block equals the rate
at which heat is being fed into the block as Qδxδyδz where Q is the volumetric rate
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of heat input. In the x-direction, the heat flowing into the block across face 1 is

−k

∂T
δyδz
∂x

(1.43)

and that flowing out of the block across face 2 is

−k[

∂2T
∂T
+ δx 2 ]δyδz
∂x
∂x

(1.44)

The net outflow of the heat in the x-direction is thus

−k

∂2T
δxδyδz
∂x2

(1.45)

and the heat balance for the entire block is

−kδxδyδz(

∂2T
∂2T
∂2T
+
+
) − Qδxδyδz = 0
2
2
∂x
∂y
∂z 2

(1.46)

∂2T
∂2T
∂2T
+
+
)+Q=0
∂x2
∂y 2
∂z 2

(1.47)

or
−k(

Equation 1.47 is the partial differential equation (PDE) for the steady-state conduction of heat in an isotropic body. The transport equations of thermal energy
(Fourier’s law), mechanical momentum (Newton’s law for fluid), and mass transfer
(Fick’s laws of diffusion) are similar, and analogies among these three transport
processes have been developed to facilitate prediction of conversion from anyone to
the other’s. A different form of the governing equations can be applied to other
physical phenomena, for example, electric field and fluid flow (potential flow). In
this dissertation, we use FEA thermal analysis for all the model and normalize the
effective thermal conductivities of models to suit other transport processes.
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1.5.2

Boundary Conditions

Since the FEA is a computational technique used to obtain approximate solutions
of boundary value problems in engineering, the boundary conditions in the problem
are significantly important in FEA. Choosing appropriate boundary conditions is
an essential step in any FEA model. In general, three types of boundary conditions
are used in most of the FEA simulation [57].
1. Dirichlet boundary condition: the temperature on the boundary of the body
is prescribed by :
T (x, t) = Tw (x, t)

(1.48)

where Tw is a known function. In a lot of practical application, Tw is a constant.
2. Neumann boundary condition: if the heat flux q out of the body (perpendicular
to the surface) is give, the PDE of the temperature with respect to eh out ward
normal vector n is determined by Fourier’s law as follows:

qw (x, t) = −k

∂T
∂T
q(x, t)
(x, t) ⇒
(x, t) = −
∂n
∂n
k

(1.49)

Notice that in the special case of perfect insulation (q = 0), the equation to
becomes a homogeneous Neumann boundary condition
∂T
(x, t) = 0
∂n

(1.50)

3. Cauchy boundary condition: if there is a thermal interaction between the
body and a surrounding fluid of temperature, the boundary of the domain is
considered as a control ’volume’ for an energy balance. Since the thickness
of the boundary is zero, no energy can be stored within. This means that all
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the heat entering a surface increment from the interior (by conduction) has to
leave outwards (by convection):

−k

∂T
(x, t) = α(T (x, t) − Tf )
∂n

(1.51)

Sometimes, the heat transfer by radiation is taken into account as well. By
introducing an additional transport coefficient αr ad:

−k

∂T
(x, t) = (α + αrad )(T (x, t) − Tf )
∂n

(1.52)

where, Tf is the thermal interaction between the body and a surrounding fluid
of temperature Tf . Note that the boundary condition of the third type specifies neither the value nor the derivative of the solution, merely a correlation
between both of them.
The above boundary conditions have been applied to predict effective properties
of several materials including random heterogeneous materials modeling reference
[33, 54, 86]. For the more complex problem, it is difficult to define uniform boundary
conditions. Therefore, mixed boundary conditions are also proposed by scientists
[27, 28].

1.5.3

Current FEA Application on Heterogeneous Materials

In the conventional finite element analysis of a heterogeneous material, a relatively complicated mesh needs to be generated. In this section, we introduced
several current finite element models that can either simulate the thermal or diffusion process.
Balberg and Binenbaum [2, 3] reported a Monte Carlo study of percolation
threshold in 2-D and 3-D systems of conducting sticks. The finite sticks ensembles
indicated that in the infinite ensemble the percolation threshold is isotropic by
23

Figure 1.10: Finite element mesh generated for contacted particles

extrapolating the results. The contribution of this result is that it presents the
anisotropy dependence of the conductivity in the random system is depended by
both the percolation threshold and the critical exponent.
Yi [93] studied the effective conductivity of material system consisting of contacting particles. The electrical and thermal conductivity is computed by modeling
the relevant mechanical contact problem followed by a steady-state conduction analysis. He developed a method to mesh the contacted particles shown in Fig. 1.10.
Tawerghi and Yi studied the conductivity of a two-phase materials system that contains circular, spherical or ellipsoidal inclusions randomly embedded in the matrix
materials [82]. Figure 1.11 shows the circular inclusion mesh in the matrix developed by Tawerghi and Yi. This model provides a convenient way to study the
mechanical and transport properties of multiphase composites. Hu and Wu [31]
used a similar method to studied a multi-scale finite element method for solving
water diffuse in composite materials with a porous media. The numerical experi24

Figure 1.11: Finite element model of circular inclusion embedded in the matrix.

ments give convincing evidence that the multi-scale method is capable of capturing
the large-scale solution without resolving the small-scale details. Bakke et al. [1]
presented a FEA method for generating realistic homogeneous and heterogeneous
3-D pore-scale sandstone models 1.12. Joliff et al. [36] developed a numerical model
based on the FEM to analyze the water diffusion in unidirectional composite and
he compared the simulation result to the experimental data and analytical solution.
The simulation results have a good agreement with both experiment and analytical
solution. In this study, a 2D finite element model has been generated in the commercial software ABAQUS shown in Fig. 1.13 and different fiber distributions have
been analyzed.

1.6

Review of Random Walk Theory

The random walk theory was originally proposed by Karl Pearson to describe
mosquito infestation in forest [45]. In his assumption, a single mosquito moves a
25

Figure 1.12: Modeling of water diffuse in 3-D pore sandstone

Figure 1.13: Modeling of water diffusion in unidirectional composite.
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Figure 1.14: Rayleigh’s approximation of PN (R) in Pearson’s random walk for several large values of N

fixed length a with a randomly chosen angle at each time step. Lord Rayleigh
explained this assumption by giving a more general form of the equation to solve
the sound waves movement in heterogeneous materials Eq. 1.53.

PN (R) ∼

2r −R2 /N
e
N

(1.53)

where PN (R) is the probability of traveling distance, and R is the distance after N
steps. This function is shown in Fig. 1.14 for several values of steps N . It can be
seen that the expected distance traveled scales according to the square root of the
number of steps, < r2 >∼ N , which is typical of diffusion phenomena.
Fig. 1.15(b) shows the computer simulation of constant step random walk in
a 2-D plane. Consider a random walker starting at the origin in d dimensions.
At each step, the walker moves by an amount ∆XN , chosen from a probability
distribution PN (r). For this derivation, which shall consider the case of independent,
identically distributed steps, so that PN (r) = p(r). Furthermore, since the steps are
isotropic, p(r) is a function of the radial distance r = |r| only. This condition also
automatically eliminates any drift, so that < ∆XN >= 0. Let XN be the position
of the walker after N steps, and let PN (R) to be the associated probability density
27

Figure 1.15: (a) Two thousand steps of a random walk of anomalous diffusion with
different random walk steps at each time interval; (b) One thousand steps of a
random walk of normal diffusion with constant random walk step

function:
Z
PN +1 (R) =

p(r)PN (R − r)dd r

(1.54)

Eq. 1.54 in one dimension is Bachlier’s Equation. The key assumption is the independence of the steps, which allows the probability of a transition from R − r to R
in the N th step to be factored into the two terms in the integrand. As N → ∞,
PN (r) varies on length scales which are much larger than a typical r, and therefore
the Taylor expansion inside the integral yields
Z
PN +1 (R) =

1
p(r)[PN (R) − r · OPN (R) + r · OOPN · r + ...]dd r
2
<r·r > 2
= PN (R) +
O PN + ...
(1.55)
2d∆t

Assume that the steps are taken at intervals of ∆t and defining time by t = N ∆t:
PN +1 (R) − PN (R)
< r2 > 2
=
O PN + ...
∆t
2d∆t
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(1.56)

As N → ∞, the limiting distribution ρ(R, t), defined by PN (R) = ρ(R, N ∆t),
satisfies the Fick’s second law, Eq. 1.6. The diffusion equation can be obtained as:
< r2 >
2d∆t

D=

(1.57)

The < r2 > is defined as the mean squared displacement (MSD). In infinite space,
and if all particles start initially from x = 0, the probability of the particles distribution is
P (R, t) = √

N
2
er /2dDt
2dπDt

(1.58)

where N is the total number of particles inside the volume under consideration.
The solution obviously is identical to Gaussian distribution withe mean zero and
variance 2Dt.
Albert Einstein on the another hand proposed his theory on the Brownian motion which he modeled the dust particles in the air as a random walk, driven by
collisions with gas molecules. Einstein did not seem o be aware of the related work
on Rayleigh and Bachelier. He focused on a different issue: the calculation of the
diffusion coefficient in terms of the viscosity and temperature of the gas. See Eq.
1.7. The random-walk theory of Brownian motion had an enormous application
after Einstein’s theory.
The mean square displacement is a measure of the deviation time between the
position of a particle and some reference position. It is the most common measure
of the spatial extent of random motion and defined as
N
1 X
(xn (t) − xn (0))2
M SD ≡< (x − x0 ) >=
N
2

(1.59)

n=1

where N represents the average number of particle, xn (0) = x0 is the corresponding
position of each particle, xn (t) is the position of each particles in the certain time t.
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The random walk method is a widely used method to estimate the diffusivity
and conductivity of heterogeneous materials [14, 83]. This method is particularly
useful due to its simple assumptions and mathematical formulation. It is based on
the Brownian motion and describes the stochastic diffusion of molecules traveling
through the space filled with other particles or physical barriers among continuoustime stochastic processes. One of the well-known applications is estimating the
diffusion coefficient in the porous media made of an insulating matrix and a pore
space saturated with conducting fluid [61, 70]. Other examples such as the carbonfiber reinforced epoxy resins composites can also be investigated by the random walk
method [90]. With an inorganic reinforcing fiber, the amount of water absorbed
depends on primarily the chemical nature of the resin matrix and the environment
to which it is exposed. This phenomenon can be easily described as the water
molecules randomly moving in the resin matrix until it moves out of the composite.
Although the random walk method has many benefits to the study of heterogeneous materials, currently most of the random walk methods focus on simple
geometries such as circular or square shapes 2-D and spherical 3-D inclusions in the
system are usually arranged in an organized pattern [9, 67, 81, 88]

1.6.1

Normal Diffusion

The diffusion obeying Eq. 1.57 and Eq. 1.58 is called normal diffusion and
is the characteristic of the linear scaling of the MSD of the particles with time,
< r2 >∼ Dt. Cukier and Sheu [14] evaluated the dielectric constant e of a composite
material consisting of impenetrable, spherical conducting inclusions embedded in an
insulating matrix by using the random walk method. Sakha and Fazli studied the
Brownian diffusion of rod-like polymers random walk in the spherical obstacles [67].
Depending on the reduced diffusion coefficient of the macromolecules n, the volume
fraction of the inclusions can be described as a power law function. Matysik and
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Figure 1.16: Mean squared displacement < r2 (t) > for different type s of anomalous
diffusion

Kraut developed a friendly interface for single molecule tracking data analysis and
simulation applied to complex diffusion [49] process. However, in their study, it
only considered the 2-D overlapping circular system which absents more complex
geometry.

1.6.2

Anomalous Diffusion

On heterogeneous materials or system having a fractal behavior (i.e., the physical
or geometric properties of the structure are self-similar across different scales), the
MSD non-linearly related to the observation time. This transport phenomenon is
called anomalous diffusion. In contrast to normal diffusion in which the MSD of a
particle is a linear function of time, anaomalous diffusion is described by a power law
function, < r2 >∼ Dtα . The α is the diffusion exponet. If α > 1, the phenomenon is
called super-diffusion. On the contrary, if α < 1, the particle undergoes sub-diffusion
shown in Fig. 1.16. The anomalous diffusive behavior of composite materials was
extensively studied recently.
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Bertin and Bouchaud [6] considered one-dimensional exponential trap model,
which has a high-temperature diffusive phase and a low-temperature sub-diffusive
phase. They used both numerical and analytical solution to solve the average diffusion front in he sub-diffusive phase. The results provide several predictions on
the asymptotic shape of PN (r, t) which is in excellent agreement with the numerics.
However, the approximation only concerns the localization properties and works in
the limited region of space.
Anh et al. [7] predicted the diffusion properties of random fractal composites
by using a wide variety of regular patterns. They found that when patterns with
different anomalous diffusion exponents and the same or different fractal dimensions
are combined, the effective diffusion exponents cannot, in general, be expressed as
a linear weighted average of the diffusion exponents of the constituents.
Chaudhuri et al. [9] used he random walk theory to explored the heterogeneous
dynamics of attractive colloidal particles close to the gel transition. They focused
on single particle dynamics and illustrated the self part of the van Hove distribution
function is no the Gaussian expected for a Fickian process.
Sancho et al. considered a general model of classical particles is moving in a 2-D
potential, under the action of thermal fluctuations and dissipation. By modifying
the friction coefficient of the equation of motion of a particle of mass m on the
surface, they found that in a periodic potential, the motion of the particle shows a
structure strongly resembling one for Leyy walks.
Tørå, Ramstad, and Hansen [84] studied the diffusion processes on clusters of
non-wetting fluid dispersed in wetting cluster in a 3-D porous medium under steadystate conditions using a numerical model. The anomalous diffusion characterized by
two critical exponents: one is in the flow direction and another in the perpendicular
direction. Evans et al. [19] analyzed the role of aggregation and inter-facial thermal
resistance on the effective thermal conductivity of nano-fluids and nanocomposites.
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The thermal conductivity of nano-fluids and nano-composites can be significantly
enhanced by the aggregation of nanoparticles into clusters. The effective thermal
conductivity of model fractal aggregate composites was obtained using a random
walker Monte Carlo algorithm. The Monte Carlo simulations are performed on
the same cubic lattices on which the aggregated particles are defined. Empty grid
cells representing the liquid matrix are assigned a thermal conductivity kl and cell
occupied by the aggregate were assigned a thermal conductivity of kp . The relative
thermal conductivity increase is only dependent on the ratio kp /kl .

1.7

Dissertation outline

In Chapter 1, the literature of the current research is reviewed, which provides
the motivation, rationale, and background for the dissertation. In Chapter 2, the
percolation of a disk-like particulate system is investigated using a new computational algorithm and FEA model. The electrical and thermal conductivities is
predicted in the chapter. In Chapter 3, we introduce a random walk method to
predict the effective diffusion coefficient of the 2-d circular or elliptical particulate
system. In Chapter 4, a 3-D non-overlapping spherical or ellipsoidal system has
been generated and a random walk method used to predict the effective diffusion
coefficient.
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Chapter 2

Computational Prediction of
Conductivities of Disklike
Particulate Composites
Disk-like particles attracted particular interest in the past decade, with a particular application related to Graphene nano-platelets (GNP), which are disk-like
nano-particles consisting of 10∼100 layers of graphene produced through exfoliation. The diameters of these plates range from sub-micrometer to 100 micrometers
which is extremely larger than the thickness (average thickness of GNP is 5∼10
nanometers)[41]. Graphene nano-platelets have unique mechanical and electrical
properties due to their pure graphitic composition [32]. In this chapter, we provide
a general model that treated the particles as 2-D particles and studied the both
thermal and electrical conductivities. The computational model can be used to simulate the GNP based composite materials and study the 2-D lattice structure with
an extremely high aspect ratio [76].
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Figure 2.1: A computational model showing a system of random circular disks

2.1

Method

In this study, we created a system that circular or elliptical disks randomly
distributed in a 3-D unit cell. A Monte Carlo method used in this model. The
centers of the disk are distributed with a constant probability density function.
Each disks in the system is assumed fully penetrable and the orientation angles of
axis (i.e., the normals of disk planes) are also randomly distributed, following a
particular probability density function [64]. The model is shown in Fig. 2.1. Since
the intersected disks form clusters, the percolation threshold needs to detect the
pairwise the connectivity of the disk. For the first step in our modeling, we detected
the pairwise connectivity us the following method.
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2.1.1

Intersection Criteria

Suppose two circular disks have the radii r1 and r2 , representativity. By using
the previous study of other researchers’ [64], we developed the following intersection criteria in a more efficient way. Two disk’s normal vectors n~1 and n~2 can be
determined based on the orientation angles. The connectivity of two disks can be
determined as following equations depends on the normal vector and position vector
~
R:
~ · n~1
R
β=p
1 − (n~1 · n~2 )

(2.1)

q
~ · (n~1 × n~2 )
R
a, b = ± R22 − β 2 +
k n~1 × n~2 k

(2.2)

c=

~ · (n~1 × (n~1 × n~2 ))
R
− β(n~1 · n~2 )
k n~1 × (n~1 × n~2 ) k
q
p = r12 − c2

(2.3)
(2.4)

If r22 − β 2 > 0 and only if the position of the disks satisfy the following the four
conditions, the two disks intersect:

(i)a2 + y 2 ≤ r12 ;

(2.5)

(ii)b2 + c2 ≤ r12 ;
(iii) k c k≤ r1 &(a − p)(b − p) ≤ q;
(iv) k c k≤ r1 &(a + p)(b + p) ≤ q.

The above equations 2.1 ∼ 2.4 are applied to all the disks and determined the
connection of particles in the system. In the next step, the intersecting disks are
discretized to construct a continuous mesh for the subsequent finite element analyses.
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2.1.2

Element Generation and Partition

Since we use the FEA to determine the equivalent conductivity of the system,
the mesh of the disk particles is the key step in the entire study. In general, mesh
generation of the object is not a technically challenging problem because we can use
numerous commercial finite element software such as ABAQUS or COMSOL [13],
which contain built-in automatic meshing algorithms [75]. The common strategy
is applying the Boolean operation to a 2-D system of the overall surface geometry
and then generate the finite element mesh on the resulting geometry. However, for
a large randomized heterogeneous system in 3-D, it is requires meshing of a vast
number of particles to minimize the size effects. Also, for the complex geometry, it
is difficult to describe the surface of the entire connected disks. It is necessary to
develop a new technique to mesh the complex geometry manually.
In this study, a new, automated mesh generation scheme was developed based on
the each particle distribution of geometry and location. For the first step of model
construction, it needs to mesh each disk surface using the mesh generation function in COMSOL [13]. To avoid excessive local elements and numerical inaccuracy
that may cause the local singularities during the simulation, we modified the local
mesh density depending on the curvature cutoff threshold and maximum element
size parameters in the COMSOL. Then, the elements and nodes of the single disk
translated and rotated to the 3-D unit cell. All the triangular elements were later
used as a basis to create inter-facial elements. The disk size was fixed throughout,
and the changing of disk density was made by varying the disk number. To avoid
the discretized performance along the thickness direction, we assumed the thickness
of the disk is much smaller compared to the diameter (one-tenth of the diameter).
The bigest challenge of automating mesh is two intersected disks form a line of
intersection in this model. Depending on the fundamental theory of finite element
analysis, all the boundaries needs to continuous connected. To avoid the error
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Figure 2.2: A schematic showing the determination of the location of intersection
point between a line and a plane formed by a triangle

occur during the simulation in ABAQUS, a partition scheme was implemented to
divide the original triangular elements across the line of intersection to seperate
smaller elements along the connected boundaries. In the partition scheme, the
spatial locations of the intersection point, which formed by the edges of two triangles,
are determined as shown in Fig. 2.2. In the Fig. 2.2, G, and F is the intersection
point of line DH and DE. The position of G, F can be calculated depending on the
vector operations equations as following equaions,
~
~ AD · ~n )
~ |DG| ) = DE(
F~D = DE(
~ · ~n
|DH|
ED

(2.6)

where
~n =

AB~× ~n
~ × AC|
~
|AB

(2.7)

and
~
r~F = r~D − F~D = r~D − DE(
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~ · ~n
AD
)
~ · ~n
ED

(2.8)

The above equations determined the location of the two intersection points and the
positions relative to the triangle could be categorized into the following cases:
1. Intersection position located at a vertex of the triangle;
2. Intersection position located along an edge of the triangle;
3. Intersection position located in the interior of the triangle;
4. Intersection position located in the exterior of the triangle.
After calculated the intersection point, the original triangular element can be split
into multiple smaller triangular elements. There are only five scenarios for the
location of the intersection lines, as shown in Fig 2.3. From the Fig 2.3, we can find
that the minimum number of the new elements is two when the intersection points is
locate at a vertex of the triangle and the other is located on the edge of the triangle,
shown in the Fig. 2.3 (4). The maximum number of the elements generated is five
when both intersection points located in the interior of the triangle, shown in Fig.
2.3 (3).
Figure 2.4 shows an example of partition scheme applied to two adjacent triangles
by a line of intersection. The left figure shows the two adjacent triangles before
applying the algorithm, and the right figure represents the partitioned elements after
applied the partition scheme. Multiple results are possible in each case. For example,
the triangle on the left in Fig. 2.4(a) can actually be divided into four or more
new triangles, rather than three as shown in Fig.2.4(b). In order to minimize the
number of the newly created nodes and elements after apply the partition scheme,
it necessary to find the intersection point of two line segments which on the same
plane. Suppose AB and CD are two arbitrary nonparallel line segments located on
the same plane. The location of an arbitrary point r(x, y, z) on either of the two
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Figure 2.3: Five possible configurations involved in the element partition schemes,
with the top row representing the different locations of the line of intersection and
the bottom row representing the new elements created by the scheme

Figure 2.4: An example showing two adjacent triangular elements: (a) before partition; (b) after partition
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lines can be expressed as

r = rA + (rB − rA )t

(2.9)

r = rC + (rD − rC )s

where both t and s are the local coordinates ranging between 0 and 1. By solving
the Eq. 2.9 for x and y, we have
(xA − xC )(yB − yA ) − (yA − yC )(xB − xA )
(xA − xB )(yD − yC ) − (yA − yB )(xD − xC )
(xA − xC )(yD − yc ) − (yA − yC )(xD − xC )
t=
(xA − xB )(yD − yC ) − (yA − yB )(xD − xC )

s=

(2.10)

Since we assume the two lines are not parallel to each other, there must be a unique
solution to the Eq. 2.10. To ensure the existence of such a solution, the denominator
must be nonzero, leading to

∆ = |(xA − xB )(yD − yC ) − (yA − yB )(xD − xC )| > 0

(2.11)

Figure 2.5 shows two examples of the element mesh formed by three intersecting
disks after the partitions scheme was applied. It can be easily found that the intersected disk satisfy the continuity of the FEA. For a realistic system containing a
large number of disks, the pairwise connections among the disks were examined, and
the element partition scheme was applied whenever such a connection was detected.
Fig. 2.6 shows one of the example of complete finite element model which contains
1,000 disks with radius r = 0.07. The total number of elements is nearly 100,000 by
using the automated mesh generation scheme.
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Figure 2.5: Examples showing the finite elements created for a cluster of three disks
with the successful implementation of the element partition scheme

Figure 2.6: A complete finite element mesh for the entire model with 1000 disks of
radius 0.07 and approximately 100,000 elements
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2.1.3

Finite Element Analysis of Particular System

The mesh data (nodal positions and element numbers) after using the automated mesh generation scheme were exported to an ABAQUS script file. A DS3
element type (three-node triangular shell element or thermal analysis) was used in
the ABAQUS. The kinetic degrees of freedom was set to zero and the temperature
was the only remaining degree of freedom in the analysis. A unit temperature difference was assigned on the two opposite sides of the unit cell, and the reactive heat
flux was computed. By solving the Laplace’s equation under the steady state condition, the thermal conduction can be calculated. Despite the physical distinction
between thermal the electrical conductivity, the normalized computational result
can be interpreted as either thermal or electrical conductivity. The effective conductivity of the material system was computed from a steady state heat conduction
analysis.
Disk radius was varied from 0.05 to 0.15 in the simulation. The smallest disk
size corresponds to one-twenty of the unit cell, and the largest size is approximately
one-third of the unit cell. According to the previous discussion, the boundary effect
is negligible whereas in the latter case the boundary imposes a significant constraint
on the system. Therefore, the scaling effect can be studied in the simulation. The
simulations were run for 10 to 20 times at each volume fraction depending on the
disk radius. The results were collected, and the means and the standard deviations
were computed at all the simulation.

2.1.4

Percolation Threshold in the System

As we mentioned in the previous chapter, the percolation threshold occurs at the
transition of the conductivity from zero to a nonzero value for an infinite system in
Eq. 1.1. The finite size highly affects the transition, and the percolation threshold
can be estimated from a statistical analysis of the result. The percolation threshold
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can be expressed regarding either the area fraction for two-dimensional particles or
the volume fraction of 3-D particles. In the present study, the disk-like geometries
are two-dimensional, but they are oriented in 3-D space. The statistical invariant
for disks in three dimensions follows a cubic function of the characteristic length and
that the definition of percolation threshold is consistent with its spherical counterpart. Depending on Yi and Sastry’s study on the geometric percolation thresholds
of inter-penetrating plates [95], the percolation threshold of system can be defined
as following equation:
4
η = N πr3
3

(2.12)

where r is the disk radius and N is the total disk number. As r approaches zero,
N would become infinite for percolation, meanwhile η would become an invariant
η0 . Therefore η can be interpreted as the normalized disk size and will be used
throughout our discussion in the remaining sections. The hypothesis will be verified
through the simulation in the later study.

2.1.5

Element Generation and Partition of Elliptical Platelets

Different from a circular disk, which has a constant curvature along the perimeter, the curvature and the tangential angle of an elliptical disk vary depending on
each ellipical disk aspect ratio. The location and the curvature of the disk can be
defined as following functions:

κ(t) =

(b2 cos2 t

ab
+ a2 sin2 t)3/2

a
φ(t) = tan−1 ( tan t)
b

(2.13)

(2.14)

where a and b is the semi-major and semi-minor axis. To avoid local singularities
of the solution during the FEA simulation. At the single particle mesh process, we
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Figure 2.7: (a) A fine mesh generated using the default values of mesh generation parameters; (b) a coarse mesh generated using the adjusted values of mesh generation
parameters.

modified the parameters of curvature cutoff threshold and maximum element size
in the COMSOL. Figure 2.7 shows the mesh of single ellipse before and after the
parameter modification. As shown in Fig 2.7, after we modified the parameters, the
triangular element highly concentrate on the large curvature area. Depending on
the same intersection criteria and processes from the circular system, the ellipses
system can be analyzed with changing some parameters such as the curvature of
the ellipse and the maxium size of single element. Figure 2.8 shows a complete
finite element model containing 1,000 elliptical plates with aspect ratio equal to 1.4.
The semi-minor axis, b is 0.07, and approximately 200,000 elements by using the
automated mesh generation scheme that we used in the disk-shaped particles.
The aspect ratio of the ellipses was varied from 1.1 to 1.5 with the same semiminor axis a = 0.07. The major axis is approximated one-fifth of the unit cell and
minor axis nearly one-sixth of the unit cell. The simulation was run 10 ∼ 20 times at
each volume fraction. The exact simulation times depends on the size of the ellipses.
The large times of simulation can reduce the size effect. The results of means and
the standard deviations were collected after the simulation.
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Figure 2.8: A complete finite element mesh for the entire model with 1000 elliptical
platelets with aspect ratio 1.4 and approximately 20000 elements in the unit.

2.1.6

Percolation Threshold of Elliptical Platelets

The definition of the percolation threshold for elliptical platelets should be consistent with that of the equivalent three-dimensional system rather than planar systems. According to the previous section Eq. 2.12, we define the following variable
to measure the percolation threshold for thin elliptical plates:
4
η = πab2 N
3

2.1.7

(2.15)

Curve-fitting Method for Elliptical Particles

The same curve-fitting method was used and five scenarios have been investigated. The lower bounds of N0 are 100 to 500, and upper bounds of N0 are 700
to 200 with aspect ratio range from 1.1 to 1.5, respectively. The upper bounds of
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Figure 2.9: Finite element simulation of the entire model with 1000 elliptical plates,
aspect ratio 1.1 and approximately 15000 elements in a unit cell. A unit temperature
gradient is applied on the opposite sides of the cell.
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conductivity exponent, t, are 1 and 3. For the coefficient A, the value ranges from
10−4 to 10−8 .

2.2
2.2.1

Numerical Results
Effect of Disk Thickness

The main parameters that affect the conductive performance of the materials
include the diameter and total number of disks, the thickness of the disks, the conductivity of the disk material and the distribution of the inclusions. In an attempt
to simplify the simulation process, we assume all the locations and orientation angles of the particles a uniform distributed and therefore the last factor is not taken
into consideration in the simulation.
The effect of disk thickness on the conductivity is investigated using a pair of
fixed parameters r = 0.07 and N = 1000. We varied the disk thickness from 0.001
to 0.01 by modifying the solid section definitions of the sell elements in the finite
element analysis. From the elemental theory of electrical or heat conduction, a
greater size of the cross-section allows for a higher rate of conduction. Therefore
the conductivity must be proportional to the cross-sectional area, and hence the
thickness. This has been confirmed in Fig. 2.10, which shows the conductivity as
a strictly linear function of the disk thickness. Due to this reason, in the following
discussion, we define a dimensionless conductivity K that is normalized against the
disk thickness, which is defined as

K=

Keqv
Kdisk h

(2.16)

where Keqv represents the computed conductivity of the entire system, Kdisk is the
conductivity of the disk material, and h represents the disk thickness. In this way
we believe that the simulation results can be presented clearly and succinctly.
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Figure 2.10: Conductivity as a function of disk thickness

2.2.2

Power-law Fitting of Conductivity

Fig. 2.11 show the simulation results of the equivalent conductivity as a function
of the disk number for different radii ranging from 0.05 to 0.15. The number of the
disks is varied from 1800 to 70 accordingly. To evaluate the statistical variations, the
simulations were repeated 10 or 20 times for each radius, with larger radii requiring
more simulation to reduce the size effect. According to the percolation theory, the
conductivity remains zero because there is no sufficient number of disks to form
conductive pathways in the system. The result becomes nonzero value when the
disk number reaches a critical value that is equivalent to the percolation threshold.
When the number of the disk exceeded the critical value, the conductivity increases
nonlinearly. The results show in Fig. 2.11 is consistent with the literature for heterogeneous materials containing inclusions. The simulation results can approximately
be fitted into a power-law function by using the least-squared scheme:

K = A(N − N0 )t , f orN > N0
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(2.17)

Table 2.1: Power-law curve fitting results based on Eq. 2.17
radius, r
A
N0
t
squared residual
0.05
7.2177 × 10−7 1838.014 2.0000
1.8351 × 10−6
0.07
5.1105 × 10−6 673.199 1.9488
3.2237 × 10−6
−5
0.10
1.1106 × 10
230.152 2.1177
6.2008 × 10−6
0.15
1.3246 × 10−4
70.001
2.0082
1.4871 × 10−5
Table 2.2: Power-law
radius, r
σ0
0.05
2.596
0.07
1.771
0.10
1.206
0.15
0.687

curve fitting results based on Eq. 2.18
η0
t
squared residual
0.9624 2.0000
8.4668 × 10−5
0.9672 1.9488
1.1043 × 10−4
0.9641 2.1177
1.1198 × 10−4
0.9896 2.0082
1.7959 × 10−4

A lsqcurvefit function in Matlab is used to fit the Eq. 2.17. The estimated coefficient
A, N0 and t are presented in Table 2.1 along with the estimated errors. Apparently
N0 is not a constant since more disks are required to reach percolation as the disk
size is reduced. The exponent, t, however, is approximately a constant with an
average value around 2.02. It is very easy to convert the invariant disk number N0
to the total volume fraction of inclusions η as defined in the previous chapter. Figure
2.12 (a) through (d) show the conductivity as a function of η for four different disk
radii 0.05, 0.07, 0.1, and 0.15, respectively. The power law function should then be
expressed in the modified form as follows:

K = σ0 (η − η0 )t ,

f or

η > η0

(2.18)

with the parameters tabulated in Table 2. The conductivity rapidly increases as η
exceeds η0 . The same figures also show that the variation in the result increases
with the radius. In fact the average standard deviation increases from 8.47×10−5 at
r = 0.05 to 1.80 × 10−4 at r = 0.15, due to the reduced disk number for percolation.
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Figure 2.11: Conductivity as a function of disk number for four different radii r=0.05,
0.07, 0.10 and 0.15
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Figure 2.12: Conductivity as a function of η defined in Eq. 2.18 for four different
radii r=0.05, 0.07, 0.10 and 0.15
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2.2.3

Estimate of Percolation Threshold

As r approaches zero, N0 approaches infinity for percolation. However, according
to the percolation theory, η0 approaches a constant value, which is defined as the
percolation threshold of the system, η0 . It is found that there is a slight increase in η0
as r increases. To estimate the percolation threshold we applied a linear regression
method to find the intersection of η0 at r = 0, as shown in Fig.2.13. Based on the
curve fitting, we estimated a solution of c = 0.9462 ± 0.0001. This value of c is
slightly lower than the solution reported previously, which is c = 0.9614 ± 0.0006,
with a difference around 1.6%. The underestimated result in the current study could
be related to the finite element analysis, which is an approximate method, as well as
the different number of disks used in the two distinct models. It should be noted that
the previous study in the literature involved the detection of percolation paths based
on geometric connectivity without using numerical approximations. Therefore it is
not surprising to see the discrepancy in the two solutions. Nevertheless, it is a good
agreement given the order of magnitude in error. Generally speaking, the solution
obtained from the finite element analysis is less accurate since the matrix operations
required in the finite element analysis cost substantially more computational effort.
By applying a similar technique, we successfully obtained an approximate value
σ0 ≈ 4.64 as r approaches zero. However, a logarithm function was used in the curve
fitting due to the high nonlinearity in the relationship between r and σ0 . Therefore in
the limiting case, the power-law function can be written in the following approximate
form:
K = 4.64(η − 0.946)2.02 , r → 0
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(2.19)

Figure 2.13: Determination of percolation threshold at r = 0 using linear extrapolation

2.2.4

Binary Mixture of Disks of Different Sizes

The effect of the size distribution of the conductivity was investigated by introducing a binary sized distribution of disks of two different radii, r1 and r2 , as shown
in Fig.2.14. The ratio of the two radii was defined as λ = r1 /r2 . Assume the two
types of disks have the same number and we have f = 0.5 where f represents the
fraction of disks of radius r1 . Total disk number was fixed in this binary distribution while chose the value of r such that the corresponding η defined in Eq. 2.12
is maintained the same as that of the equisized disk system. If the equisized disks
have radius r, then the relationship between r and r1 , r2 can be found as
2r3 = r13 + r23

(2.20)

2
)1/3 , r1 = λr2
(1 + λ3 )

(2.21)

and thus
r2 = r(
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Based on these assumptions, simulations can be performed in a fashion similar to the
equisized disk system and the resulting percolation threshold, η0 can be evaluated
as well. We set λ = 2 and r = 0.07, therefore,

r1 = 0.08480, r2 = 0.04240

(2.22)

In addition to this work, we also investigated a binary mixture using the equivalent
area instead of volume. This is driven by the fact that each individual disk is a two
dimensional geometry. To do so, we considered

2r2 = r12 + r22

(2.23)

Setting λ = 2 and r = 0.07 leads to

r1 = 0.08854, r2 = 0.04427

(2.24)

Table 2.3 shows the simulation results of percolation threshold for the two different
types of a binary mixture of disks. It has been found that η0 = 0.9407 for the case
using the cubic function, and η0 = 0.8616 for the case using the square function.
Compared to the result from the uniform dispersion, apparently, the cubic function
yields a much closer solution with a difference only about 0.6%. It is again confirmed
that the statistical invariant for percolation of disks must be a cubic function of the
characteristic length. The result also implies that one can use the average particle
size in a poly-disperse system to approximate the equivalent conductivity with a
reasonably good accuracy if the variation in the particle size is not quite significant
(e.g., when 0.5 < λ < 2).

55

Figure 2.14: A comparison of conductivity between two different types of binary
mixture of disks, using (a) the square function equivalence; (b) the cubic function
equivalence

Table 2.3: Power-law curve fitting results for a binary mixture of disks of two
different radii
type of mixing
σ0
η0
t
squared residual
cubic
1.346 0.9407 2.0027
5.7716 × 10−6
function
square
1.749 0.8616 1.9150
4.6736 × 10−6
function
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2.2.5

Simulation Results for the Elliptical Platelets

By using the same curve fitting method, coefficients A, N0 and t are presented in
Table 2.4 along with the estimated errors. Obviously, N0 is not a constant since more
plates are required to reach percolation as the disk size is reduced. The exponent,
t, is not considered in this research since the elliptical shape is a more complex
geometry compared to circular disks, which may affect t. The exponent, t, is not a
constant in elliptical plates with different aspect ratios. In the table, the variation
in the result increases with the aspect ratio. In fact the average standard deviation
increases from 1.8472 × 10−6 at ε = 1.1 to 5.6244 × 10−10 at ε = 1.5. Shown in
Figure 2.15 (a) through (e) is the simulation results of the equivalent conductivity
expressed as a function of the elliptical plate number for five different radii ranging
from 1.1 to 1.5. The semi-minor axis b of those plates is 0.07. The total number
of elliptical platelets varies from 500 to 200 accordingly. To evaluate the statistical
variations, the simulations were repeated 10 times for each aspect ratio. The curve
in each plot shown in Figure 2.15 is similar to the result of the disk-shaped particle.
The conductivity remains zero until the particle number reaches a critical value that
is equivalent to the percolation threshold. The conductivity is nonlinearly related
to the plate number. Using the Eq. 2.15 can approximate the simulation results.
Figure 2.16 (a) thru (e) show the conductivity as a function of η for five aspect ratios
with the same semi-major axis. The aspect ratios range from 1.1 to 1.5 respectively.
By using the same Eq. 2.14, we tabulate our results in Table 2.5. As we mentioned
before, to reduce the computational time, we choose the less element density model
in our study. Although by reducing the element density on the plate can help us to
save more computational time, the precision of the result decreased. The simulation
results was compared with aspect ratio ε equal to 1.5 for both low and high element
density model in our study. The result shows that the percolation threshold η0
equal to 0.6231 by using the fine element mesh generation scheme. However, the
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Table 2.4: Power-law curve fitting results based on Eq. 2.14
Aspect ratio ε
A0
N0
t
squared residual
1.1
7.34 × 10−8 589.5741 1.6304
1.85 × 10−6
1.2
2.27 × 10−8 422.1079 1.8295
3.63 × 10−6
−7
1.3
1.24 × 10
389.9029 1.6252
4.00 × 10−6
1.4
3.46 × 10−8 263.9634 1.8316
4.42 × 10−6
−7
1.5
3.95 × 10
298.0743 1.516
5.62 × 10−6
Table 2.5: Power-law curve fitting results based on Eq.2.14
Aspect Ratio, ε
σ0
η0
t
Squared residual
1.1
4.640 0.9318 1.6304
1.8472 × 10−6
1.2
6.630 0.7283 1.8295
3.6280 × 10−6
1.3
1.310 0.7278 1.6252
3.9971 × 10−6
1.4
1.835 0.6424 1.8316
4.4217 × 10−6
1.5
1.720 0.5310 1.5160
5.6244 × 10−6
percolation threshold η0 decreased to 0.5310 with a difference of 17.3% when using
the coarse mesh generation scheme. Obviously, to study the effect of the aspect
ratio on the conductivity, we need to use a finer mesh generation scheme. Due to
the limitation of the computer capability, we will use a finer mesh generation scheme
in the future.
Fig. 2.17 shows η0 volume fraction of inclusions vs the aspect ratio, ε. The
percolation threshold rapidly decreases as the ε increases. For more specific, the
volume fraction η decreased from 0.9318 to 0.5310 with different radius. The higher
aspect ratio decreased the percolation threshold value. In another word, the ‘long
fiber’ easily make a pathway (spanning cluster) to connect the system. The percolation exponent shown in table 2.2 and 2.5, t in smaller than the average exponent
for circular platelets system. According to the above results, the certain conclusion
can be deduced that the aspect ratio of the elliptical disk significantly affects the
percolation threshold of the system. The finite element result in our study is noticeably lower than that reported by Tawerghi and Yi [95] as mentioned in the previous
section. Although their research also shows the aspect ratio effect by checking the
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Figure 2.15: Conductivity K as a function of elliptical plate number for ε = 1.1 ∼ 1.4
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Figure 2.16: Conductivity K as a function of η defined in Eq. 2.14 for ε = 1.1
ε = 1.1 ∼ 1.4
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Figure 2.17: The percolation threshold η as a function of aspect ratios .

position and geometry of each inclusion. There are several factors that may cause
the finite element analysis results lower than the former studies. Compared to the
former study, the FEA is a deterministic simulation, which has fewer discrepancy at
each simulation. The different methods used may lead to the difference of the results.
Another result is may caused by the size effect. Since finite element method cannot
idealy make the thickness of the disk as zero during the simulation. Otherwise, it
would cost extensive computational effort. Due to the thickness size of the disk, the
scaling effect can not be neglect. Finally, in order to save the computational time,
the number of the plates is reduced during the simulation. For instance, in Tawerghi
and Yi’s [95] research, without using the finite element method the model has over
ten thousand plates, whereas in finite element method studies the maximum number
of plates can only be use a few hundred to a few thousand. In other words, there is
no enough data for predicting the results. This may lead to a significant inaccuracy
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in the result. Due to above reasons, it is not surprising to see the discrepancy in
the comparison between the finite element method and traditional method which
use the particles geometry and positions.
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Chapter 3

Random Walk Simulation
Model of Diffusion in Circular
and Elliptical Particulate
Composites
In this chapter, a random walk model for solving the diffusion problem arising
from composite materials with different shapes of two-dimensional inclusions are
developed. The two-phase material system contains circular or elliptical impermeable inclusions that randomly embedded in the matrix material. An random walk
algorithm for simulating the molecules and calculating the effective diffusion diffusion coefficient of the entire system has been developed. The random walk model
has been validated by the solutions from the finite element analysis and the effective
medium theories (EMT). The results show that the random distribution and volume
fraction of inclusions have significant effects on the effective diffusion coefficients.
Also, the aspect ratio of the inclusions will significantly decrease the effective diffu-
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sion coefficient when the volume fraction of the inclusions is above approximately
30%. With a high volume fraction of the inclusions, the heterogeneous materials
has a ‘pocket effect’ which will lower the diffusion coeffcient of the sytem.

3.1
3.1.1

Methods
Diffusion Coefficient of Continuous Medium

The random walk model is the primary part of the entire study of the diffusion
problem for heterogeneous materials. It relies on the equivalence of Laplaces equation and the diffusion equation. In general, the diffusion of composite materials with
impermeable inclusions can be described as a ‘walker’ that randomly walks in the
matrix phase of the composite with constant diffusion coefficient. Particle diffusion
in the n-dimensional space can be described as Brownian motion and the diffusion
coefficient for isotropic materials in the random walk theory can be calculated by
the MSD of the ‘walker’ versus time. For a sufficiently long time, the diffusion
coefficient of the matrix can be estimated as the Eq. 1.57.
In order to make the same diffusion condition to compare different methods
and to provide a dimensionless expression for effective diffusion coefficient Def f , a
constant dimensionless step length l = 0.001 and a constant step timeτ = 1s were
used for the entire study. Depending on Eq. 1.57, in 2-D system, it can be rewired
as:
Dm =

hri2
4N

(3.1)

we first measured the diffusion coefficient of matrix Dm . The relation of MSD and
diffusion time is linear and the slope of the curve is the diffusion coefficient of the
matrix. It is assume that a particle randomly walk in a unit square and measured
the mean-square displacements at each time interval. Figure 3.1 shows the MSD of
random walk averaged over 1000 simulations. The number of steps N ranges from
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Figure 3.1: MSD displacement of random walk averaged over 1000 simulations in a
2D unit square

0 to 2000. The blue line represents the value of ¡r2 ¿ and the red line represents
the curve fitting results. According to the curve fitting results, we estimated the
diffusion coefficient of the matrix as 2.50334 × 10−5 s−1 .
In this study, a Monte Carlo method is used to create a random system that
contains all the circular or elliptical inclusions randomly distributed in the matrix
without overlapping each other. All the inclusions are confined inside the unit
square. In order to improve numerical efficiency, for the elliptical shape voids, we
created elliptical polygons with segments of equal length to represent the ellipses.
Figure 3.2(a) shows two elliptical polygons, with the blue line representing polygons
of 10 segments and the red line representing a polygon of 100 segments. For accuracy
we used the 100 segments elliptical polygon in our model. Our method is different
from the simple lattice random walk [89], in that the molecules in our model move
in an arbitrary orientation at each step which represents a more realistic situation
for diffusion. Since all the inclusions are impermeable, we developed an algorithm
in which the molecules bounce back when they meet the inclusion-matrix interface.
65

Figure 3.2: (a) an elliptical polygon with ten and hundred line segments of equal
length to represent the elliptical void; (b) the trajectory of a molecule before and
after it hit the elliptical polygon with one hundred segments; (c) molecule bounced in
the randomly distributed circular voids with constant steps l = 0.001; (d) molecule
bounced in the randomly distributed elliptical voids with constant steps l = 0.001.
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For the left and right sides of the plate, we assumed they are insulated. In other
words, the molecules can only penetrate from the bottom to top and then it will
reflect by the walls according to the law of reflection. Figure 3.2 (b) shows that
a single molecule moved one step and hit the surface of the elliptical inclusion.
The normal line OA of the inclusion surface was determined from the geometry of
the elliptical polygon. In Fig. 3.2(b) we segmented the ellipse with one hundred
straight lines, where OB is the incident path, OD is the new path of molecule
and OE is the reflection path of OB. The algorithm checks the molecular position
first. If the molecule meets the boundary of a polygon, (e.g. OC in Fig. 3.2(b)),
the aforementioned algorithm is implemented to determine the angle of reflection,
according to the following equations.
−→
OA
~n = −→
kOAk

(3.2)

−−→ −−→
−−→
OE = OB − 2(OB · ~n)~n

(3.3)

−−→
−−→
−−→ OE
OE = kOCk −−→
kOEk

(3.4)

Figure 3.2(c) shows the path of molecules when they reflect on the circular voids and
Fig. 3.2(d) is the molecular path for ellipses by using the random walk algorithm.
Since the model has randomly distributed inclusions, with a large number of
measurements the properties of the system is statistically uniform in different directions. Therefore we can only measure the diffusion in one direction. The molecule
started “walking” from a random point on one side of the unit square until it reached
the opposite side or completed the prescribed maximum number of steps without
reaching the opposite side of the square. Then the total number of the steps was
recorded and the simulation was repeated N times. At the end, we counted the
number of trials where the molecule successfully reached the opposite side to be
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Figure 3.3: The set of particles visited by a two-dimensional random walk in circular
voids with the volume fraction of 31.41%. The ’walker’ started at the center of the
box and it took 58829 steps to reach the boundary.

the mass concentration. This process can be considered as an approximation of a
transient Fick’s diffusion. Figure 3.3 shows an example of the successful random
walk in a system with 40 circular inclusions of radius 0.05. The molecule started
at the midpoint of one side of the square, and it took a total of 58829 steps for
the molecule to cross the entire system. The red line in the figure represents the
trajectory of the molecular movement.

Analytical solution
In order to verify the random walk model,we used some existing approximate solution in the literature see in Chapter One. For example, the Maxwell equation 1.27
can be used to estimate the effective diffusion coefficient in a two-phase composite
as follows.
"
Def f = Dm

d(Df − Dm )Vf
1+
Df + (d − 1)Dm − (Df − Dm )Vf
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#
(3.5)

In this equation, Dm and Df are the diffusion coefficients of the two phases and
Vf is the volume fraction of the inclusions. d represents the system dimension and
in the 2D system d is equal to 2. However, it is well known that the standard
Maxwell-Garnett method is inaccurate when the inclusions are impenetrable. For
impermeable inclusions, an improved method was developed by Kalnin et al. [37].
In the method, instead of considering the concentration of diffusing particles in the
matrix equal to the effective medium, they introduced a parameter, λ, where, for
impenetrable inclusions,
λ=

1
1 − Vf

(3.6)

with this modification, the improved Maxwell method for impenetrable inclusions
can be summarized in Eq. 3.7 and Eq. 3.8 in two dimension.
"

Def f

d(Dm λ − Df )Vf
= Dm λ 1 +
λDf + (d − 1)Dm − (λDf − Dm )Vf

Def f

#



2Vf
Dm
1−
=
1 − Vf
1 + Vf

(3.7)

(3.8)

where, Vf is the volume fraction of the inclusions and Dm is the diffusion coefficient of the matrix. In order to compare the analytical method with the numerical
methods, we treated Dm as a constant (Dm equal to 2.50334 × 10−5 s−1 ) which was
already explained in the previous discussion.
The Bruggmans effective medium model (BEM) also provides an acceptable
approximation of macroscopic properties of composite materials at lower volume
fraction of inclusions. For a two-phase system, the equation is shown as follows:

Vf

Df − De f f
Dm − Def f
+ (1 − Vf )
=0
Df + (d − 1)De f f
Dm + (d − 1)De f f
Def f = (1 − 2Vf )Dm
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(3.9)

(3.10)

3.1.2

Finite Element Method in 2-D Circular and Elliptical Particulate Composites

Element generation and partition
In this study, we used the finite element analysis to validate the random walk
model. In order to generate a system of randomly distributed non-overlapping
circles or ellipses in a unit square; a dynamic collision algorithm was developed on
the basis of C programming language to fully disperse the inclusions. Three-node
triangular shell elements for thermal analysis (DS3) were generated in the matrix
using Matlab and Comsol Multiphysics. The mesh density of the model depends on
the curvature of the geometry, therefore, in Matlab a few parameters including the
curvature cutoff threshold and maximum element size were defined to avoid excessive
local elements and numerical inaccuracy induced by the local singularities. Figure
3.4 shows the convergence of the results based on a model containing 30 circular
inclusions of radius 0.5 each. The x-axis is the total number of the elements in
the model and the y-axis represents the average nodal temperature on the top of
the model. In the simulation, we choose the mesh quality about 0.4 with around
6,000 to 8,000 elements for the model of circular inclusions and 13,000 to 20,000
elements for the model of elliptical inclusions. Each simulation deviates from the
convergent result with an error less than 0.5%. The mesh data such as the nodal
positions and element compositions, are contained in an ABAQUS script file. To be
consistent with the parameters used in the random walk model, we set the diffusion
coefficient of matrix in the finite element analysis, Km , to 2.5344 × 10−5 s−1 and the
thermal coefficient of inclusions, Kf , to 0. For convenience the density and specific
heat of the matrix were set to 1. A unit temperature was defined on the bottom
of the domain and the remaining three sides were insulated. No kinetic degrees of
freedom were present in the elements and the temperature was the only remaining
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Figure 3.4: Convergence of finite element model- average temperature as a function
of the element numbers.

degree of freedom. Thermal conduction occurred due to the temperature gradient
and the steady state solution was sought from the Laplace equation. The average
temperature on the top of the unit square was computed. Since the diffusion and
heat transfer have the same governing equation, therefore, we used the average node
temperature to represents the concentration of mass in the model.

Finite element model
ABAQUS was used to analyze the transient heat transfer process in the model.
Two different scenarios were studied: (1) circular inclusions and (2) elliptical inclusions. All inclusions had the same size. Figure 3.5(a) shows the finite element
mesh for the model of 30 circular inclusions of radius 0.5. The number of triangular
elements in the model was 6,353. Figure 3.5(b) shows an example of randomly distributed elliptical inclusions with 14,132 elements. The semi-major axis length was
0.6 and the semi-minor axis length was 0.3. ABAQUS was used to analyze the transient heat transfer process in the model. Two different scenarios were studied: (1)
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Figure 3.5: Finite element model of (a) circular voids randomly distributed in the
plate with 23.56% volume fraction and (b) elliptical voids randomly distributed in
the plate with 17.67% volume fraction.

circular inclusions and (2) elliptical inclusions. All inclusions had the same size and
all the inclusions are impermeable materials, which the heat flux of the inculsions
is zero value during the simulation.

3.1.3

Numerical Result

Mean-square displacement(MSD)
To measure the MSD of circular and elliptical voids models, we started with an
ordinary diffusion inside a simulation box of unit width surrounded by rigid walls.
According to Eq. 3.1, the diffusion coefficient of the system is a linear function of the
diffusion time with constant step size. The volume fraction of inclusions was ranged
from 0.1 to 0.5 with a fixed step size l = 0.001 and time of step τ is equal to 1s.
Simulation was ran 1,000 times every 50 seconds and measured the MSD at each time
interval. Both types of inclusions (ellipses and circles) have been examined. The

72

Figure 3.6: MSD of random walk averaged from 1000 simulations with different
volume fractions of elliptical voids 0.1 to 0.5 in the system. Slopes of regression lines
are 2.2817×10−5 s−1 for vf = 0.1, 1.8722×10−5 s−1 for vf = 0.3, and 1.4847×10−5 s−1
for vf = 0.5.

collected data had been analyzed based on the curve fitting technique. Figure 3.6
shows the result of mean-square displacement for the elliptical model as a function
of the observation time t for three different volume fractions, Vf = 0.1, 0.3, 0.5. The
aspect ratio (The ratio of major axis length to minor axis length) of the elliptical
voids equals 2. The diffusion time ranged from 0 to 50,000 s. The variance of MSD
follows initially the behavior of normal diffusion that MSD increases in proportion
with t following Eq.3.1. After a long period of time, the mean-square displacements
are close to a constant value. It saturates because of the confinement in the box.
For the above-mentioned reason, we only measured the linear part of the curves and
found the effective diffusion coefficient of the systems. In Fig. 3.6, the red dot lines
show the curve fitting results by using linear least squares regression.
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Comparisons between FEA and random walk
To verify the random walk simulations, we used two different volume fractions
of voids in the system with the radius of inclusions r = 0.02. The higher volume
fraction of voids is 0.5 and the lower one is 0.2. A fixed step is equal to l = 0.001 and
the simulation was ran 1,000 times at each time interval. The diffusion time ranged
from 0 to 5,000 with a constant time interval t0 = 100 s. The number of molecules
were measured that moved out of the system and calculated the mass concentration
on the top of the square. According to the mass transfer theory, the molecules
that moved out of the system were equivalent to the mass concentration. Same
parameters were used to create a random system and measured the temperature
in the finite element model. Since the heat transfer and mass transfer have the
same government equation, the results are analogous to each other under the same
conditions. 20 simulations were run at each time interval. Figure 3.7(a) shows the
results for both random walk and finite element models. The square and circle
markers represent the average temperature and concentration of mass at the end
of the simulation, respectively. The red and blue lines represent the curve fitting
results. Both methods yield a very close results from both methods. The difference
between the two results was less than 2%, which is reasonable. The results imply
that under the same conditions both methods are applicable to systems at a wide
range of volume fraction.

Elliptical voids
To investigate the effective diffusion coefficient of the elliptical inclusions composite we fixed the parameters at a = 0.1 and b = 0.05 with the total volume
fraction of the inclusions equal to 0.2 and 0.5. The random walk step size = 0.001
and the time step = 1s. The diffusion time ranged from 0 to 5,000 s with a constant
time interval t0 = 100 s. At each time interval, we ran the simulation 1,000 times
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Figure 3.7: Comparison of FEA and random walk method of concentration ratio (a)
on circular voids system with volume fraction equal to 0.2 and 0.5; (b) on elliptical
voids system with volume fraction is equal to 0.2 and 0.5.

and measured the concentration of mass on the top surface of the model. For the
finite element analysis, we ran the simulation 20 times at each time interval with
the same condition as the random walk. Figure 3.7(b) shows the FEA and random
walk results from the system of elliptical inclusions. The circles and squares are the
simulation results from FEA and random walk, respectively. The red line and blue
line show the curve fitting results. The mass concentration increased with the time
and it reached a constant value after a sufficiently long simulation. The difference
between these two methods is 0.2%. According to Fig.7 3.7, we found that our
algorithm works for both elliptical and circular inclusions and it has been confirmed
that the heat and mass transfers behave in a similar way in composite materials. A
more indicative view of these two phenomena can be observed based on Fig. 3.8.
3.8. Figure 3.8 shows a comparison between the ABAQUS analysis and the random
walk simulation. In Fig.3.8 (a) and (b), the same number, sizes and orientations of
the elliptical inclusions were used. It is found that a good agreement is obtained
between the two methods. Figure 3.8 (a) shows the temperature distribution from
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Figure 3.8: (a) temperature distribution obtained from the FEA; (b) simulated mass
concentration from the random walk model.

the finite element analysis. Since the model contains impermeable random inclusions, the temperature gradient was not uniformly distributed. It is found that the
temperatures were higher in those locations with higher concentrations of inclusions.
This is because the impermeable inclusions blocked the pathway of heat flow in the
congregating area, leading to localized high temperatures. Figure 3.8 (b) shows the
distribution of the equivalent mass concentration based on the random walk model.
The dark red area in Fig. 8(b) represents a higher mass concentration whereas the
dark blue area shows a lower mass concentration.

Aspect ratio
It is well known that inclusions of large aspect ratios can affect the diffusion
coefficient significantly. The effective diffusion coefficient was investigated by comparing the elliptical and circular inclusions at the same volume fractions, using the
random walk model. In the circular inclusions system, we fixed the radius r = 0.1
and in the elliptical inclusions system, we varied the aspect ratio, a/b from 1 to 5,
where a is the semi-major axis and b is the semi-minor axis. The volume fraction
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was varied from 0.1 to 0.5 and measured the concentration of mass at different time
intervals. Figure 3.9(a) shows a comparison of the concentration ratios between
the elliptical and circular inclusions at different volume fractions, where the aspect
ratio equals 3. The solid and dot lines are the curve fitting results for circular and
elliptical inclusions, respectively. At a lower volume fraction, the aspect ratio of
inclusions has an insignificant effect on the diffusion coefficient. However, when the
volume fraction increases to a higher value such as 0.3 or 0.5, the elliptical inclusions
had a lower concentration, i.e. a lower effective diffusion coefficient, compared to
the circular system. The maximum difference is over 15% compared to the circular
voids at the same volume fraction 0.5. This is because at a lower volume fraction
the system has enough space for the molecules to move and diffuse. When the number of inclusions increased, the molecules hit the inclusions more frequently. The
molecules tend to be trapped in the vicinity of higher aspect ratio inclusions, and
it takes a longer time for a molecule to escape the region. Figure 3.9(b) shows a
comparison between the generally accepted Maxwell-Garnett solution and computer
simulations for randomly distributed inclusions in terms of the dimensionless diffusion coefficient. The square and star dots are the simulation results with different
aspect ratios. Triangular and circular dots are the analytical results with different
volume fractions of inclusions. The immediate conclusion from Fig. 3.9(b) is that
the effective diffusion coefficient decreases with the volume fraction of inclusions. A
lower volume fraction of inclusions slightly affects the effective diffusion coefficient
of the system where vf = 0.1. However, at a volume fraction as high as vf = 0.3 or
0.5, the effective diffusion coefficient significantly decreases. In addition, we found
that the aspect ratio of ellipses highly affect the diffusion coefficients of the system.
In Fig. 3.9(b), at the same volume fraction, the higher aspect ratio of the voids
decreased the effective diffusion coefficient of the system. For the case of aspect
ratios equal to 3 and 5, when inclusion the inclusion volume fractions as large as
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Figure 3.9: (a) Aspect ratio effects on diffusion with different volume fractions; (b)
Comparison of different analytical solutions with computer simulations for randomly
distributed voids with different aspect ratios versus dimensionless effective diffusion
coefficient; red solid line is for the circular voids; red dash line is for the elliptical
voids with aspect ratio of 3 and 5.

Vf = 0.3, the simulation results are discrepant to the improved MG equations. This
is because the analytical solution does not consider that the molecule can collide
more frequently in a localized region with inclusions of high aspect ratio. It should
be pointed out here that the MG equation and BEM approximation yield rather
inaccurate results, especially at higher volume fractions. The reason is twofold: (1)
they neglect the different concentrations in the inclusions and the matrix; (2) They
cannot precisely predict the effective diffusion coefficient at a high volume fraction.
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Chapter 4

Random Walk Based Stochastic
Modeling of Three-Dimensional
Particulate Composite Systems
Diffusion of particles in randomly dispersed, spherical and ellipsoidal composite
systems is studied using the random walk simulations. The computational results
have been validated by the finite element method. A Monte-Carlo scheme is applied
to generate the particulate system for simulations .The composite is assumed to
have a lower diffusivity in the inclusions and a higher diffusivity in the matrix. The
effective diffusion coefficient is found to be a function of the volume fraction for
both impermeable and permeable inclusions. The effect of the particle aspect ratio
is investigated and compared to effective medium solutions. In the case of ellipsoidal
inclusions, it is found that the effective diffusion coefficient is strongly dependent
on the particle aspect ratio and that it rapidly decreases with the volume fraction
of the inclusions. The inter-facial effect in a permeable system is also tentatively
investigated.
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4.1
4.1.1

Methods
Inclusions Generation Using Monte Carlo Simulation

To provide a 3d random simulation system, a dynamic collision algorithm by
using C program was applied to randomly generate non-overlapping spherical or
ellipsoidal inclusions. In the collision algorithm, a certain number of ellipsoidal
particles were placed in a unit cell via random generations of center points and major
axis orientations. The initial linear and angular velocities were assigned on each
ellipsoidal inclusion. The algorithm computed the reaction impulse magnitude and
vector on each overlap ellipsoid by solving the Newtons law of motion. Depending
on the conservation laws for systems of particles, the linear and angular velocity can
be computed after the collision. The dispersed inclusion position and orientation
angles saved as input parameters in Matlab. To reduce the computational time and
easily mesh the inclusion during random walk simulation and finite element analysis,
Matlab built-in functions were used to generate a triangular mesh on the surface
of each inclusion. To reduce the size effect during the simulation, we mesh the
surface ellipsoid with two hundred triangular faces. The non-overlapping inclusion
system was represented as a heterogeneous material consisting of the matrix with
high diffusion coefficient and multiple inhomogeneous particulate fibers with lower
diffusion coefficient. Figure 4.1 and 4.2 shows the computer generated models of
non-overlapping spheres and ellipsoids.

4.1.2

Single particle tracking of effective diffusion coefficient

The single particle tracking of random walk simulations was implemented in a
serial code written in C program. The step length of each movement, l, observation
time, τ , positions of inclusion was provided as inputs. Diffusion coefficient was
obtained in the absence of inclusions (Dm , Df ) at given reasonable step size l =
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Figure 4.1: Three-dimensional random distributed inclusions with 200 triangular
faces of non-overlapping spheres with volume fraction = 0.4189.

Figure 4.2: Three-dimensional random distributed inclusions with 200 triangular
faces of non-overlapping ellipsoids with volume fraction = 0.4021, aspect ratio is 3
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0.005, 0.001 and observation time τ = 1s. The MSD is investigated in our algorithm
and depends on the diffusion law of normal diffusion in 3-D Eq. 1.57:

M SD = 6Dt

(4.1)

where t is the observation time with a certain number of steps, n. The diffusion
coefficients can be estimated as Dm = 3.5687×10−6 s−1 and Df = 1.3940×10−7 s−1
correspond to l = 0.005 and l = 0.001, respectively. Then we calculate diffusion
coefficient, Def f , in the presence of fixed spherical or ellipsoidal inclusion of given
density. In this study, two different models were investigated: (1) impermeable
non-overlapping inclusions and (2) permeable overlapping inclusions.
The effective diffusion coefficients was studied in the impenetrable spherical or
ellipsoidal voids. In this case, molecule starts at a randomly chosen location on one
side of the representative elementary volume (REV). Then, it attempts to move randomly into arbitrary direction until it reaches to the opposite side of the REV. The
molecule will collide with the surface of inclusions which obey the law of reflections
in Fig. 4.3. The position of molecule Pr after collides on the surface inclusion can
be defined as follows:

Pr = Pi + 2Po + 2~n[(Pr − Po ) · ~n]

(4.2)

where Pi is the molecule position before the collision, Po is the position on the
surface of the inclusion. ~n is the normal line on the plane. Figure 4.4 shows traces
of a successful random walk simulation after 52,731 steps in the ellipsoidal system.
In Fig. 4.4, molecules bounced on the surface of the ellipsoids and randomly walked
in the matrix phase.
The MSD were obtained after the simulation was completed from a file containing
positions of the molecule at periodic time intervals. To avoid the unacceptable noisy
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Figure 4.3: Random walk simulation of molecular behaving with different type of
inclusions of molecule collide on the surface of impermeable inclusion

Figure 4.4: Trajectories of molecule diffuses in the unit cube with a random distributed impermeable ellipsoidal system.
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of MSDs [39], we only use the quarter time of the simulation data to achieve the
statistical reliability. At each scenario, at least 1000 simulations were applied. To
estimate and minimize the error in effective diffusion Def f , it is important to take
into account effects such as localization uncertainty and the effect of diffusion on the
MSD curve. We simplified this process by providing on output consisting of MSD
standard deviation and optimized the number of time-lags to use for analyzing the
MSD curve. The effective diffusion coefficient of the system can be easily obtained
by using the curve fitting method. The processing of two phases random walk
simulation is similar to the impermeable system. The difference is that when the
random ‘walker’ hits the boundary of the voids, the molecule simply continues to
move with a different steps length without other restrictions. Two different step
lengths lmatrix = 0.005 and linclusion = 0.001 were applied in the simulation. The
anomalous diffusion follows an approximate power law:

M SD = 6Dtα

(4.3)

where α is the anomalous diffusion exponent. When α = 1, the relation becomes
a linear one and therefore Eq. 4.3 degenerates to Eq. 4.2. If the system contains
a lower diffusivity phase, i.e. when is smaller than 1, it implies a sub-diffusive
behavior, which means that on average the molecule moves slower than at a normal
diffusion. Figure 4.5 shows the trajectories of the molecule in different phases in
the random walk model, The red and blue lines represent the molecule trajectories
inside and outside of the ellipsoidal inclusions, respectively.
Finite element model
In the FEA simulations, a new hybrid finite element method is presented as an
additional method to verify the random walk simulation for diffusion analysis of
heterogeneous materials with randomly dispersed inclusions. Due to the difficulties
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Figure 4.5: Trajectories of molecules diffuses in two different phases with Dm =
3.5687 × 10−6 s−1 , Df = 1.3940 × 10−7 s−1 .

to mesh the complex geometries of two phases boundaries [82], a 3D volumetric
mesh generator and processing toolbox in Matlab employed [21] in the simulation.
By using the toolbox, a number of nodes were generated inside of each inclusion
automatically. The triangular elements were converted on the surface inclusion to a
4-nodes tetrahedral element depended on 3-D Delaunay algorithm. A bounding box
was added around the inclusions. The bounding box and inclusions were labeled
after the 3-D mesh process and assigned different mechanical properties in those
two phases. Because the existing commercial codes is difficult to complete the
entire process, we developed an automated modeling process scheme as follows: 1)
first of all, collision algorithm was applied to generate non-overlapping inclusion;
2) then, 3D tetrahedral elements was generated on different phases by using the
obtained geometric data; 3) Finally, output data was written into a script file and
ran the ABAQUS for the finite element analysis. Since the heat conduction and mass
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Figure 4.6: 3D finite element model in a unit cube with non-overlapping inclusions
and cross section along the mid-plane of the matrix.

transport are described by similar governing equations, a transient heat analysis was
applied in the FEA model. The following values of parameters have been used for
FEA calculations depends on the previous random walk approximation: matrix
diffusion coefficient Km = 3.5687 × 10−6 and Kf = 1.3940 × 10−7 , where Km is the
thermal conductivity of matrix and Kf is the thermal conductivity of inclusion. For
the boundary condition, temperature is always fixed at 1 at one side of the unit cell,
and initial condition that the temperature below the boundary is initially everywhere
0. Figure 4.6 shows an example of automated mesh in the Matlab. Compared to
the other’s model [21], the model has a non-uniform mesh size where the boundaries
between two phases have a fine mesh that will obtain a more accurate result. Figure
4.7) and 4.8 show an example of the complete model by using ABAQUS.

86

Figure 4.7: Cross-section along the mid-plane of the matrix with inclusion removed

Figure 4.8: Fine mesh of non-overlapping ellipsoids

87

Table 4.1: Estimate effective diffusion coefficients
sion system with aspect ratio equals 3
volume fraction
Def f
0.1047
3.3863 × 10−6
0.2094
3.2513 × 10−6
0.3142
3.1049 × 10−6
0.4021
3.0944 × 10−6

of impermeable ellipsoidal incluStd
8.5096 × 10−8
7.5728 × 10−8
3.0364 × 10−8
6.7331 × 10−8

Effective medium approximations
Different types of EMT approximations are compared with the results obtained
by the random walk model. Equation 1.32 defines the Maxwell approximation
scheme for the effective diffusion coefficient of spherical or ellipsoidal inclusions.

4.1.3

Numerical Results

Fitting the data
The average-time MSD relate to the observation time with different volume
fractions of voids was investigated. The volume fraction φ was varied from 0 to 0.5
in both impermeable and permeable models. At each volume fraction, the simulation
ran one thousand times to eliminate the rounding error. The aspect ratio ranges
from 1 to 5 in the simulation. For the impermeable inclusion system, the effective
diffusion coefficient can be instantly calculated according to Eq. 1.32. A linear least
square curving fitting was applied after obtained the MSD data in the simulation.
Figure 4.9 shows the example of simulation of MSD relate to the long-time diffusion,
t. The ellipsoid aspect ratio equals 3 and φ range from 0.1 to 0.4. The relation
of MSD and observation time follows initially the behavior of linear relates and
the curve saturates because of the confinement in the unit box. The dash line
in Fig. 4.9 represents the curve fitting results. Table 4.1 shows the simulation
result at each volume fraction.

The random walk simulation was measured with

permeable inclusions given two different step size at different phase, lmatrix = 0.005
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Figure 4.9: Plot of the MSD as a function of observation time on linear scales for
3d ellipsoids system in which l = 0.005, τ = 1s.

and linclusions = 0.001. In order to find the effective diffusion coefficient Def f , we
used the log-log plot scheme to the average-time MSD and diffusion time t given by
Eq. 4.3. Rewriting Eq. 4.3 as log-log form, as follows:

log(M SD) = alog(t) + alog(6Def f )

(4.4)

Figure 4.10 demonstrate the log(MSD)-log(t) plot with different volume fraction of
inclusions. The log(MSD)-log(t) curves deviate a linear relationship with unit gradient. For the value of log(t) approach to zero, the vertical value can be interpreted to
the effective diffusion coefficient of the system. The anomalous diffusion coefficient,
α and effective diffusion coefficient, Def f are calculated in Table 4.2.
Comparison with FEA
To verify the validity of the random walk simulation, we used numerical results
obtained in FEM technique. Two types of inclusions systems, spheres and ellipsoids,
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Figure 4.10: Log-log plot of average time MSD vs. observation time t at same aspect
ratio with different volume fraction. The dashed line represents the curve fitting of
the simulation data.

Table 4.2: Estimate effective diffusion coefficients and anomalous diffusion exponents
of permeable ellipsoidal inclusion system with aspect ratio equals 3.
volume fraction
Def f
Anomalous diffusion exponent,α
−7
0.1047
9.1489 × 10
0.8825
0.2094
3.9237 × 10−7
0.9083
−7
0.3142
3.1243 × 10
0.9379
0.4021
2.9641 × 10−7
0.9298
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Figure 4.11: Finite element model of nodal temperature distribution with volume
fraction equal to 0.3. The aspect ratio of the ellipsoids is 3.

were investigated in ABAQUS. The aspect ratio is range from 1 to 5 in the simulation. The volume fraction of inclusions was ranged from 0 to 0.4 at each aspect
ratio and ran ten times simulations at each volume fraction. The average nodal
temperature with different distance was measured after the simulation. Figure 4.11
shows the example of nodal temperature distribution in the impermeable ellipsoidal
inclusion system from ABAQUS. Due to the similarity of the governing equations
between the heat and mass transfer, here we convert the normalized nodal temperature as concentration ratio. All concentration profiles were normalized and fitted
by the following equation to determine the effective diffusion coefficient [78]:
x
C(x, t) = C0 erf c( √ )
2 Dt

(4.5)

where C(x, t) is the concentration at a given depth and time, C0 is the concentration
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Figure 4.12: FEA simulation results of normalized nodal temperature along xdirection for randomly distributed ellipsoidal inclusions with a = 0.3, b = 0.1,
c = 0.1 and different volume fraction from 0.1 to 0.4.

at the surface of REV, x is the coordinate along which the molecule diffusion is
observed, D is diffusion coefficient, and t is the diffusion time. Figure 4.12 shows
the corresponding concentration gradient changes with a position at different volume
fractions in the impermeable ellipsoidal inclusion system. The concentration curves
were fit that describes the diffusion of molecules from the initial boundary shown in
red dash line depends on the Eq. 4.4. The normalized effective diffusion coefficient
can be determined shown in Fig. 4.13. The maximum difference of both methods is
only 1.85%. Since high volume fraction of fillers tends to a close packing, in other
words, most of inclusions“touch” with other inclusions. Meshing the connected
boundary surface is difficult. In the FEA model, we only choose the volume fraction
lower than 0.5.
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Figure 4.13: Comparison of effective diffusion coefficient of both random walk and
finite element model

Aspect ratio effects
To evaluate the aspect ratio effects in the particulate system, we varied the
input parameters for the voids aspect ratio from 1 to 5. The aspect ratio is defined
as semi-major axis a divided by the distance from the center to pole along the
symmetry axis c. Both impermeable and permeable inclusions system were studied
in this section by varying the volume fraction from 0 to 0.5. For each volume
fraction, we prepared ten different sets inclusions system. The number of steps used
in the simulations is 107 to simulate sufficiently long to reach the infinite-time limit
required by the Einstein relation in impermeable inclusion system and non-linear
relation in permeable inclusion system. In Figures 4.14 to 4.16 we present results
for effective diffusion coefficient, Def f , from random walk simulations compared to
different analytical solutions.
Figure 4.14 presents results for the different volume fraction of Def f from computer simulations of permeable inclusions. It can be seen that the computational
results agree very well with the analytical solution. The difference is very small even
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with a large aspect ratio of ellipsoids. The effective diffusion coefficient only relates
to the volume fraction of inclusions in the permeable system. Figure 4.16 clearly
demonstrated the relation between effective diffusion coefficients and volume fraction of inclusions in impenetrable ellipsoid systems. Comparing to Kalnins method
and Maxwell approximation to the computer simulations, it is clear that in all cases
the Maxwell approximation gives incorrect results even at small volume fractions
since it neglects differences in the particles concentrations in inclusions and in the
matrix as we mentioned in the introduction. The Kalnins method provides a good
agreement when the inclusion has spherical shapes with a precision of 3%. Def f decreases rapidly as volume fraction as large as φ = 0.5 for both cases of spherical and
ellipsoidal inclusions. The reason is because of that at random packing geometry,
especially at high volume fraction, there is a larger variation in the distance between
inclusions. When the molecule moves near to the touching inclusions, it trapped
in the local area shown in Fig. 4.15. This so-called “pocket” effect revealed more
diffusion restriction and thus higher tortuosity and anisotropy values. This trend is
particularly apparent at high aspect ratio. As proven by the simulation shown in
Fig. 4.16, higher aspect ratio inclusion decreased the effective diffusion coefficients
in comparison with ordered geometries.
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Figure 4.14: Comparison of random walk simulation and analytical solutions in
permeable inclusion system.

Figure 4.15: Demonstration of the pocket effect in 3D. During each time step τ = 1s,
a molecule moves over a distance l = 0.005 according to the Einstein equation.
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Figure 4.16: Comparison of different analytical solutions with computer simulations
for randomly distributed voids with different aspect ratios versus effective diffusion
coefficient in impermeable inclusion system
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Chapter 5

Conclusion and Future Work
5.1

Conclusion

In the first decade of the twenty-first century, the world experienced the highspeed increase in demand of novel heterogeneous materials. In this work,several
novel random heterogeneous materials models has been developed by using the computational simulation to measure the effective properties of the materials.
An efficient computational algorithm based on the Monte Carlo modeling and
FEA is proposed to measure the effective conductivities of randomly positioned
and oriented circular platelets system. The disks are discretized using a specialized
element partition scheme to construct a continuous mesh that consists of interconnected shell elements. The equivalent conductivity is computed from the reactive
flux in a simulation cell subjected to a unit potential across the domain. The computational algorithms are optimized to accommodate particles of different sizes and
to minimize the computational time. It has been found that the results can be fitted
into a power-law function and the key parameters in the function have been determined from the curve fitting techniques. The estimated percolation threshold is in
the close vicinity of the prior results reported in the literature [95], where a different
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solution method was used. It has also been confirmed that the definition of percolation threshold is consistent with that of the equivalent particulate system in three
dimensions. Also, the thickness significantly affects the conductivity of the system;
high thickness of the particles will increase the conductivity of the whole system.
For a binary sized distribution of disks with half of the disks having radii twice as
large as the others, it has been found that the concept using the equivalent volume
yields more accurate results compared to the equivalent area, and therefore the statistical invariant is indeed a cubic function of the characteristic size of the system.
For the elliptical plates, the electrical and thermal conductivities of filled polymer
composites are strongly dependent on the aspect ratio of the filler. High aspect ratio
will decrease the percolation threshold. Much lower percolation thresholds can be
achieved for the elliptical plates in our simulations compared to the results reported
in the literature. Several reasonable explanations are proposed. Due to the analogy
between electrical and thermal conductions, the dimensionless results reported here
can be interpreted as either electrical conductivity or thermal conductivity. The
methods and results in this study are useful in predicting conduction and percolation of both monodisperse and polydisperse materials that contain disk-shaped
particles and have potential applications in predicting the material properties of
graphene platelets. Also, the results of the elliptical plates demonstrated that the
material properties of particulate composites are closely linked to the aspect ratio
and surface-to-volume ratio of the filler. The research findings from this work can
be applied to graphene-sheet-based composites that have extremely high aspect ratios. The low percolation threshold for the three-dimensional isotropic structure
of graphene-based composites is evident due to the extremely large aspect ratio of
the graphene sheets and their excellent homogeneous dispersion in the matrix. To
significantly improve the conductivity of particulate composites, filler contents of
high aspect ratio are preferred.
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An efficient random walk algorithm has been presented. It can describe the motion of the molecule in a 2-D or 3-D heterogeneous medium with both circular and
elliptical inclusions. The main advantage of this algorithm is its simplicity and speed
in comparison to the finite element method. In addition, it accurately described the
Brownian motion of the molecules in the random system, even when the system has
a high volume fraction of inclusions. In the 2-D circular or elliptical system, the
random walk simulation results agree strongly with the finite element method. At
the lower volume fraction, e.g., 10%, the random walk results also agree with the
analytical solutions. However, when the volume fraction is sufficiently high, e.g.,
higher than 30%, there is an apparent discrepancy between the random walk simulation results and the analytical solution. The main reason is that all the effective
medium approximations can only deal with the lower volume fraction systems. At
high volume fractions, the geometric shape of inclusions plays an important role in
the effective diffusion coefficient. A higher aspect ratio of impenetrable inclusions
can reduce the diffusion coefficient of composite materials. It is because high aspect
ratio inclusions can increase the probability of collision between the molecules and
the solid interfaces. For the 3-D system, theoretical analysis and FEA simulation
show that the random walk model is suitable for describing the diffusion of the
molecule into composite materials with either impermeable or permeable particulate inclusions. The random walk model is extremely simple. However, it provides
a more accurate microscopic mechanism of real single molecule diffusion in the particulate composite system. Our random walk results, which take into account both
the geometrical and physical anisotropy, are in good agreement with other numerical methods. For a permeable system, the random walk model captures the correct
nonlinear dependence of the MSD on observation time. According to the simulation result, the effective diffusion coefficient of the system on the available volume
fraction can be described by a simple power law function. The simulation results
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of effective diffusion coefficients agree well with both FEA model and analytical
solutions. Compare to EMTs, Kalnins approximation deal better with Maxwells
approximation either on the ellipsoidal or spherical inclusions system. It can be
found that the effective diffusion coefficient only relates to the volume fraction, in
other words, aspect ratio does not affect the effective diffusion coefficient in penetrable inclusions system. However, when the system contains impermeable obstacles,
the aspect ratio significantly affects the effective diffusion coefficient with a high volume of fillers. The high aspect ratio cause more nearly touching filler area, where
the pocket effects occurs and decreases the diffusion much more with high volume
fraction of inclusions. The study results suggest that the optimum design of water
resistance particulate composite materials would involve the use of high aspect ratio fibers such as silane coated glass embedded in an epoxy polymer matrix. Our
random walk model can be further generalized to treat mass transport process of
particulate composite materials with any shape of inclusions.
In real-world applications, the heterogeneous materials system is much more
complicated than the idealized models and contains a variety of factors that may
affect the properties of materials. Therefore, we expect that our proposed approach
to be a cornerstone for other applications that include randomly distributed inclusion
heterogeneous materials.

5.2

Contribution

The objective of this dissertation is to propose a novel computational modeling
scheme for random heterogeneous materials. In detail, the contribution of this
dissertation is listed as follows:
1. A 2-D disk-like particles in a 3-D unit cell model proposed based on the Monte
Carlo method and a meshing algorithm developed in this model.

100

(a) Based on the geometry of the intersect disks, we developed a new algorithm to re-mesh the connected 2-D particles in 3-D system;
(b) The percolation threshold of the system is predicted based on the finite
element method, and the potential application of this model would be
measurement of the 2-D structure materials (GNPs based composite) in
3-D system.
2. A random walk method and FEA are used in a 2-D circular and elliptical
system.
(a) A random walk method on both FEA and analytical solution in the 2-D
random particle system are compared.
(b) The aspect ratio effect of the effective diffusion coefficient is measured at
the first time.
3. A random walk method is used in 3-D spherical and ellipsoidal non-overlapping
inclusions.
(a) A 3-D random non-overlapping spherical and ellipsoidal system is generated based on the Monte Carlo method;
(b) A mesh generation algorithm based on FEA is developed;
(c) A new random walk method is developed to measure both normal and
anomalous diffusion and compared to both FEA and analytical solutions;
(d) The aspect ratio effect in the ellipsoidal inclusions system is predicted.
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Figure 5.1: Hard-Core Soft-Shell model of the 2-D particles, where the yellow area
represents the soft shell and black area represents the hard core

5.3
5.3.1

Future work
Hard Core Soft Shell Model

In the current disk-like particulate composite system, we assume all the particles
can fully penetrable to each other. However, in the real world, most of the particles
can only partially overlap. To provide a better solution to solve the problem, the
Hard-core/Soft-shell model can be used in the future study. In this model, the
conducting inclusion is modeled as a hard core which is surrounded soft shell, see
in Fig. 5.1. This model not only can solve the contact particle problem but also
can measure the tunneling effect on the GNP based composite. In the GNP based
composite, we can treat the hard core as an actual inclusion (filler), and the soft
shell represents the related tunneling distance. The percolation phenomena in GNP
based composite can be more accurately measured.
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Figure 5.2: 3D mesh with shape feature generated from two intersecting spheres.
The left one is the coarse mesh and the right one is the fine mesh (see in the
intersecting part)

5.3.2

Random Walk Method of Intersected Spherical or Ellipsoidal
System

The future study of the diffusion process in composite materials requires building
more complex overlapping inclusions. Although the current research has the studied
of the intersecting inclusions system in 2D, there is still a lack of study of random
walk simulation in 3-D overlapping inclusions. The future study will improve he
meshing scheme of the intersecting inclusions and provides a fine mesh on both
FEA and random walk method. Fig. 5.2 shows the example of the comparison of
the coarse and fine mesh of the intersecting inclusions.

5.3.3

Computational Modeling of 3-D Spherical or Ellipsoidal Interfacial Contact Inclusions

When particles are contact, the thermal or electrical potential difference across
the interface. The certain difference of the conductivities can be characterized by
the thermal or electrical contact resistance. Modeling the contact resistance requires modeling of both conduction and contact mechanics. In the future study of
contact particle system, we assume the matrix is a nonconductor and the volume
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Figure 5.3: Contacting 3-D particles with the interfacial contact

fraction of particles is close to or above the maximum packing limit of the corresponding rigid particle system, so that the conductive path are always formed by
the contacting particles alone. Figure 5.3 shows meshed contacting particles with
interfacial contact. The nonlinearity in the problem is induced by the nonlinear relationship between the contact area and the contact pressure. Although a dynamic
contact model has previously been developed to study the stress concentration and
the packing limit for random ellipsoidal particles [38], the research work relating to
the conductive properties of similar material systems is not yet available. Therefore,
it is necessary to build a new modeling and simulation technique.
A simulation strategy will be employed in the following three subsequent steps:
1. Dynamic deployment of randomly-arranged, impermeable particles
2. Simulation of contact between deformable disks using an explicit numerical
scheme;
3. Performing mechanical and conduction analysis using an implicit numerical
scheme.
Depending on the predefined modeling parameters, we can first generate a impermeable particles system by using the rigid body collision detection algorithm. To
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Figure 5.4: FEA model of ellipsoidal particles in compression

create the non-overlapping system, we can set a sufficiently small time step to ensure
numerical accuracy. In the next step, the generated random non-overlapping spherical or ellipsoidal inclusions will be meshed on each particle. To further improve the
computational accuracy during the contact analysis, a refined mesh will be created
at the outer layer of each inclusions. All the element is assigned the same material
properties. The system will be constrained inside fixed domain. Apparently, if the
particles were initially at rest, the local density of disks would be higher near the
boundary than in the interior, because the outside particles tend to gather together
while the density of the interior particles remain unchanged. To minimize this possible inhomogeneity in the simulation, the random initial velocities will be assigned
to the particles at the beginning to allow them to move around and adjust their
locations throughout the simulation. The ABAQUS will be used to model the contact interactions. Pairwise contact interactions will be assigned between the surface
elements of the inclusion. The third step, we can express the simulation results as
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function of requested time intervals, specific position of the domain walls, or specific
volume fraction of the particles. The deformed finite element mesh along with the
updated nodal positions at each time step will then be used for the conductions.
Figure 5.4 shows a complete finite element model in compression. In the model,
we will remove all the kinetic degrees of freedom and only analysis the temperature
(or electric potential). A unit temperature or electric potential will be assigned on
one side of the unit cell and the steady state value of the opposite side is measured.
The contact resistance will be included in the simulation in the form of contact
conductance, or gap conductance, which could be dependent on either the contact
pressure or the gap distance. The implicit finite element scheme will be used in the
conduction analysis because a direct, transient analysis using the explicit scheme in
the current problem would otherwise require an extremely small time step due to
the involvement of the contact resistance, and would therefore be much more costly.

5.4

Publications

5.4.1

Journal Articles

1. J. Qiu, Y.B. Yi, X.B. Guo, “Computational prediction of electrical and thermal conductivities of disk-like particulate composites,” International Journal
of Computational Materials Science and Engineering, 4.03 (2015): 1550013.
2. J. Qiu, Y.B. Yi, “Random walk simulation model of diffusion in circular
and elliptical particulate composites,” International Journal for Multiscale
Computational Engineering, 2017, under review.
3. J. Qiu, Y.B. Yi, “Random Walk Based Stochastic Modeling of Three-Dimensional
Particulate Composite Systems,” International Journal for Multiscale Computational Engineering, 2017, in preparation.
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4. D.F. Zhao, Y.B. Yi, J. Qiu, ”Computational Study of the effect of interparticle
contact in Conductive Properties of Random particulate Systems,” 2017, in
preparation.

5.4.2

Conference and Patent

1. J. Qiu, J. Mody, J. Reindeau, “Automating Routine Data Analysis For Faster
TAT,” 2017 NE Tech Forum, 2017, accepted.
2. K.H. Teo, J. Mody, J. Riendeau, J. Qiu, “Virtual Imaging Failure Analysis,”
Patent, 2017, under review.
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